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Abstract 

We revisit the construction of self-dual field theory in 4£ + 2 dimensions using Chern- 
Simons theory in 4£ + 3 dimensions, building on the work of Witten. Careful quantization of 
the Chern-Simons theory reveals all the topological subtleties associated with the self-dual 
partition function, including the generalization of the choice of spin structure needed to define 
the theory. We write the partition function for arbitrary torsion background charge, and in 
the presence of sources. We show how this approach leads to the formulation of an action 
principle for the self-dual field. 
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1 Introduction 



The problem of formulating a quantum self-dual field is an important part of the formulation of 
string theory and supergravity. It is very subtle. It was pointed out some time ago by Marcus 
and Schwarz |jT|] that there is no simple Poincare invariant action principle for the self-dual gauge 
field. Since then, much has been written about the action and the quantization of the self-dual 
field. For an incomplete sampling of the literature see [^-pB). Nevertheless, we believe the last 
word has not yet been said on this problem. The main point of the present paper is to describe a 
new approach to the formulation of an action principle for self-dual fields. Our main motivation 
for writing the paper is that we needed to solve this problem more thoroughly than heretofore 
before writing a corresponding action for RR fields in type IIA and IIB supergravity. The action 
for RR fields will be described in a separate publication. 

The action principle is described below in the introduction and in section 0. In a word, the 
action is a period matrix defined by a canonical complex structure and a choice of Lagrangian 



decomposition of fieldspace. We arrive at this principle following the lead of Witten |2^, |28[, who 
stressed that the best way to formulate a self-dual theory is to rely on a Chern-Simons theory 
in one higher dimension. This is the "holographic approach" of the title. One advantage of this 
approach is that it takes proper account of topological aspects ignored in other discussions. These 
are not — as is often stated — minor topological subtleties, but can lead to qualitative physical 
effects. Even in the simplest example of a chiral scalar in 1 + 1 dimensions, that chiral scalar 
is equivalent to a chiral Weyl fermion. Accordingly, one cannot formulate the theory without 
making a choice of spin structure. We will explain how the spin structure is generalized and how 
the theory depends upon it. The holographic approach has other advantages: It is the correct way 
to capture the subtle half-integer shifts in Dirac quantization laws for the fieldstrength. It is also 
a good way to approach the question of the metric dependence of the self-dual partition function 
— a subject of some relevance to stabilization of string theory moduli. Not much is known about 
this metric dependence, and we take some initial steps towards understanding it. 

Our route to the action proceeds by careful construction of the self-dual partition function. 



The self-dual partition function has been already discussed by Witten in [^, Q and by Hopkins 



and Singer in [|29| (see also ^ ^ HH)- Nevertheless, there were some technical points in 
these papers which we found confusing and we hope our work will add some useful clarification. 
In particular, we hope that our paper will make clear the physical relevance of the main theorem 



of Hopkins and Singer in [^. The basic principle we employ for writing the action has in fact 
already been used in |P3, but the discussion of pi] was restricted to the harmonic sector of the 



fields. Here we have generalized it to the full infinite-dimensional fieldspace and broadened the 
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context in a way we believe will be useful. 



1.1 Main result 

Let us now describe our results in more technical detail. Consider a 4£ + 2-dimensional space-time 
manifold M equipped with a Lorentzian metric of signature — [-■■■+. The Hodge * squares to +1 
on the middle dimensional forms f2^^"'"^(M), making it possible to impose a self-duality constraint 
on a field strength e Vt^'^+^{M): 

*gT+ = T+. (1.1) 
When we impose ( |1 . 1| ) the Bianchi identity and equation of motion coincide 

dT+ = 0. (1.2) 

A classical field theory describing the self-dual particle is completely specified by these two equa- 
tions. The quantum theory, however, is problematic. As we have noted, folklore states there is no 
straightforward Lorentz covariant action. Moreover, an important aspect of the quantum theory 
is Dirac quantization. In the string theory literature many authors attempt to impose a Dirac 
quantization condition of the form 

J^^eQl'^\M), (1.3) 

i.e. JF+ is a closed form with integral periods. However this quantization condition is incompatible 
with the self-duality constraint ( |1 . 1| ) since the self-duality condition ( |1 . 1| ) varies continuously with 



the metric g. As we will see, both of these difficulties are nicely overcome by the holographic 
approach. 

For technical reasons (e.g. use of the Hodge theorem) it is much more convenient to work on 
a manifold with Riemannian metric. Let {X^qe) be a compact Riemannian 4£ + 2-dimensional 
manifold. Now the Hodge *e squares to —1 on the space of 2£ -|- 1 forms. So the self-dual form 
becomes imaginary anti-self- dual: 

*eR^ = -iR^. (1.4) 

In section 2 below we will explain the key insight that the partition function of an imaginary 
anti self-dual field on a 4£ + 2-manifold X should be viewed as a wave function of an abelian spin 
Chern-Simons theory on a 4£ + 3-manifold Y where X is a component of dY. The Chern-Simons 
field plays the role of a current coupling to the self-dual field. The wavefunction as a function 
of the Chern-Simons field A G Q'^^~^^{X) is the self-dual partition function as a function of an 
external current. 

The following heuristic argument should make this connection to Chern-Simons theory quite 
plausible |^. The Chern-Simons action CS ~ Jy A A dA, so on a manifold with boundary 
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SCS = SA A A. To get a well-posed boundary value problem we set A = *A\x- But in Chern- 
Simons theory the gauge modes in the bulk, Y, become dynamical fields ("edge states") on the 
boundary X. In this case the gauge freedom is A ^ A + R, R G ^l^~^^(Y), so we have a dynamical 
field with R = *R on the boundary. 

When we go beyond this heuristic level we find that the Chern-Simons theory depends on an 
integer level k. ^ Even defining the Chern-Simons term at the fundamental level k = 1 turns 
out to be very subtle indeed, and this leads to the most difficult aspects in the work of Hopkins, 
Singer and Witten. In the case of the self-dual scalar in two dimensions the corresponding Chern- 
Simons theory in three dimensions is at "half-integer level," (this corresponds to = 1 in our 
normalization) and is known as spin Chern-Simons theory. In this case, in addition to a level, one 
must also specify a spin structure even to define the Chern-Simons term. In the higher dimensional 
case there is an analogous choice generalizing the choice of spin structure. We must stress the word 
"generalizing" ; in physical applications we do not want to restrict attention to spin manifolds for 
i > 0. Since the term "generalized spin structure" is already in use for something entirely different 
p6|] , we will refer to our generalized spin structure as a QRIF — for reasons to be explained below. 

Of course, the difficulties in defining the k = 1 Chern-Simons term only arise in the presence of 
topologically nontrivial fields. In section 3 we describe how to formulate fieldspace in a way that 
properly accounts for topology. The space of gauge equivalence classes of fields is formulated in 
terms of differential cohomology. A trickier aspect is how to describe gauge potentials, and here 
we take a somewhat pragmatic approach. At the cost of some mathematical naturality, we gain 
in physical insight. We then review some aspects of the Hopkins-Singer theory in section 4, but 
an understanding of this theory is not strictly necessary in order to follow the rest of the paper: 
we will make an end-run around their key theorem, to be described presently. 

In section ^ we turn to the real technical work, the quantization of the Chern-Simons theory. 
Once we have understood how to formulate the action, the quantization of this free topological 
theory follows the standard pattern. The physical space of states is the space of wavefunctions 
satisfying the Gauss law. For level /c = 1 it turns out that the Chern-Simons theory has a 1- 
dimensional Hilbert space. As we vary the external current and the metric, both of which couple 
to the self-dual field, the partition function thus becomes a covariantly constant section of a line 
bundle with connection. Therefore, up to a constant, the construction of the partition function is 
thus the construction of this line bundle with connection. 

slight generalization, described in section 2, shows that there is in fact a theory for any pair of integers p, q. 
The level is then given by fc = pq. In another kind of generalization, one can assume that takes values in a vector 
space equipped with an involution = ±1. Such generalizations naturally arise in compactifications of self-dual 
theories. This is related to the generalization where k can be taken to be an integral matrix. A thorough study in 
the three-dimensional case of the latter generalization can be found in p7[] . 
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Partition function. Let us sketch briefly the construction of the partition function. (A much 
more precise discussion is the subject of sections 5 and 6). It is important for the whole construction 
that the space Vm = (X, M) is a real symplectic vector space with the symplectic form 

uj{u, v) = / u Av. (1.5) 
Jx 

To get a wave function we need to choose a polarization on the phase space. This can be obtained 
by choosing the Hodge complex structure J = —*e on Vr. Using this complex structure we 
decompose the space of forms as 

imaginary anti self-dual imaginary self-dual 

To any real vector i?, G Mr "we associate i?^ in the complex vector space by 

= ^{R±t*ER). (1.6) 

We may now quantize using holomorphic polarization. Holomorphy and gauge invariance fix 
the dependence on the Chern-Simons field to be essentially a "theta function" in infinite dimen- 
sions. The precise formula is given in Theorem |6.1| and Corollary |6.1| . When restricted to the 
harmonic fields the wavefunction is essentially a theta function on the finite-dimensional torus 
Jf2^+i(X)/^2^+^(X) where J^^^+^X) is the space of harmonic (2£ + l)-forms and Ji^^^+^X) 
is the lattice of harmonic forms with integral periods. Denoting by a the Chern-Simons field, the 
partition function in the harmonic sector takes the form 

Z[ll]{a+,a~) = Afge'^^x-~^-^^[ll](a+\T) (1.7) 

where "^Itl] is a theta function with characteristics ei and 62 (see Theorem |6.2| or appendix B for a 
definition), N'g is a normalization factor which captures the metric dependence, and r is a complex 
period matrix. It is completely determined by the metric and a choice of Lagrangian decomposition 
of the lattice of harmonic forms with integer periods: T'l (B T2 = J^^^~^^{X). Equation (|1.7| ) is 



only a caricature. See Theorem for the precise result. In particular it hides some important 
subtleties to which we will soon return. But before that, in the next two subsections, we will 
reconsider the two main problems with the quantum theory mentioned above in light of ( |1.7|) . 

1.2 Action and classical equation of motion 

In section 7 we describe an action principle for the self-dual field. We give a brief summary of that 
action here. The relation of the partition function to a theta function suggests the proper way to 
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formulate the action. For simplicity we put a = and e = in ( p. . 7| ) . From the definition of the 
theta function as an infinite sum we learn that the period matrix can be viewed as the on-shell 
action in the harmonic sector of the theory: 

Se{R) = ittt{R+) (1.8) 



where R'^ = ^{R + i *e R) and R G F^. ^ Now we need to extend equation (|1.8| ) to the vector 
space 14 := n'^^^\X) of all 2i + 1-forms. 



Euclidean action. To be able to write the Euclidean action in a simple and workable form we 
need to choose an orthogonal coordinate system Mr = V2 © V.^ where V2 is a Lagrangian subspace 

and = *£;V2 is its orthogonal complement with respect to the 
Hodge metric. From the positivity of the Riemannian metric Qe H 
follows that V2 n *eV2 = {0}, and thus this orthogonal decomposi- 
tion is also a Lagrangian decomposition. So any form v E can 
be uniquely written in the form w = f 2 + f ^ for some f 2 G and 

A choice of Lagrangian subspace V2 defines a Lagrangian sub- 
space F2 C H'^^^(X) in the DeRham cohomology. Next, we choose 
an arbitrary complementary Lagrangian subspace Fi C H'^^^{X), and define a Lagrangian sub- 
space Vi C by 

V, = {Renf+\X)\[R]nReT,}. (1.9) 

Here nf^\X) is the space of all closed 2£ + 1-forms. Note that the subspaces Vi and V2 are not 
complementary: V12 := Mi fl V2 = {exact forms in V2}. This fact will result in an extra gauge 
invariance of the action. 

In the orthogonal coordinates R E Vi can be uniquely written as 

R = R2 + R^. (1.10) 

Since R is constrained to be in the Lagrangian subspace Vi the coordinates R2 and i?^ are not 
independent. In these coordinates the Euclidian action ( |1.8| ) for the imaginary anti-self dual field 
takes the simple form 

Se{R):=7t I {R2 A*eR2 -iR2AR^). (1.11) 

Note that by construction the action vanishes on elements from V2. Since Vi has a nontrivial 
intersection with V2 the action ( p..ll| ) has an extra gauge symmetry: for any R E Vi and Vu G 
Ml n M2 we have Se{R + ^^12) = Se{R). 

^Here we ignore possible half-integer shifts in the Dirac quantization law. See below. 
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It is important that the action ( |1 . 1 1| ) depends on the choice of Lagrangian decomposition, 



while a properly normalized partition function does not. This comes as follows: the theta function 
and the normalization factor N'g in ( |1.7| ) transform in metaplectic representations of the group 
Sp{b2i+i, of weight | and — | respectively. Thus modulo the phase factor the partition function 
( |1.7|) does not depend on the choice of Lagrangian decomposition. This is the source of much of 
the difficulty people have had in writing an action principle for the self-dual field. 



Lorentzian action. The action on a Lorentzian manifold (M, g) can be obtained from ( |1 . 1 1 
by Wick rotation: 

Sl{R):=tx I (i?^ A + i?2 Ai?^). (1.12) 

J M 

However for this expression to be meaningful we need to require that the Lagrangian subspace V2 
be such that 

\/2 n *V"2 = {0}. (1.13) 

(Otherwise V2 © *V2 does not define an orthogonal coordinate system on VL^^^^{M).) 
The variation of the action (|1.12| ) with respect to R + d6c where 6c G Q^p^^M) is 



5Sl{R) = -2tx f ScAdJ^^{R) (1.14) 

where J^+{R) ■.= R^ + *R^. 

As a check on our action, we show in section ^ that the variation of the action with respect to 
the metric yields the standard stress-energy tensor for the self-dual field JF+: 



7r 



5,Sl{R) = ^ I {dg-^gYuT"- A *{dx' A z(^)-F+). (1.15) 

Note that although the action (|1.12|) depends on R ^ Vi its metric variation depends only on 
T^{R). Note also that this result is independent of Lagrangian decomposition. Moreover, as noted 
in footnote 10 of it offers a promising way to describe the important metric-dependent factor 
Mg in the partition function ( p..7|) . We make some preliminary remarks on this topic in section |6.3| . 
One relatively straightforward thing we explain is the norm-square of Mg. See section |6.3| . This 
follows simply from normalizing the Chern- Simons wavef unction and strengthens the idea, common 
in AdS/CFT, that the boundary partition function should be identified with the normalized bulk 
wavefunction. 



Examples. In section \!.2\ we consider the example of a self-dual field on a product manifold 
M = M X iV where is a compact Riemannian 4£ -|- 1-manifold. On a product manifold there is 
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a natural choice of Lagrangian subspaces: 



V2 = n\R)^n^'{N), T2 = Hl'^{N) and T^^H^^^\N). 

With this choice the action ( |1.12| ) for £ = gives an action for the chiral scalar which has appeared 
previously |P] for M = M^. For £ ^ 1 it gives the Henneaux-Teitelboim action 0. Note, however, 
that our interpretation of the action differs from the one given by Henneaux and Teitelboim. See 
section |7.3| where we compare the two constructions. We stress that these are just special cases of 
our general action which can be formulated on arbitrary manifolds with arbitrary metrics. 



1.3 Dirac quantization 



Let us now return to the second conundrum surrounding ( p..3|) . We see from (|1.14|) that we should 
distinguish between R and the self-dual flux jF+(i?). Thus the way out is to understand the 
quantization condition in a broader sense: there is an abelian group ^~^{g, Vi, V2) with nontrivial 
connected components inside the space of closed self-dual forms f2|^^^(M), and the classical self- 




R G 1/1 nn2'+i(M)- £1 



R:^ + *R2 where R 



Ro + R2 and 



dual field J-'~^{R) takes values only in this group: J-'^{R) := 
[R]dr e Ti - [ei]. 

There is a further subtlety in Dirac quantization involving half-integral shifts related to the 
characteristics. In order to understand these we must return to one of the subtleties suppressed 
in our discussion thus far of ( p. . 7|) . We mentioned above that one must make extra choices even to 
define a level k = 1 Chern-Simons term. These choices enter the theory through the formulation 
of the Gauss law. In order to write a Gauss law one must choose a t/(l)-valued function Q : 
if^^+^(X;Z) U{1) which satisfies the cocycle condition 



n{ai + 02) = n{ai)n{a2){-iy^'' 



lUa2 



:i.l6) 



In other words, to specify a Chern-Simons theory one must not only choose a level k, but also 
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an f2-function.^ As mentioned above, we will refer to this as a QRIF. ^ For a pure self dual field 
the functions is Z2-valued. In this case the set of such functions is a principal homogeneous 
space (torsor) for the 2-torsion points in M/Z). The choice of f2 then generalizes the 

choice of spin structure for the self-dual scalar in two dimensions. The half-integer shifts in the 
quantization law depends on the choice of fi. Once a choice of f2 has been made, the level 1 theta 
function is uniquely fixed. However, in order to write a formula such as ( |1.7D , and thus deduce 
the shift e\ in the quantization law of i?, we must also choose a Lagrangian decomposition. Thus, 
the shift in the quantization law depends on both the QRIF and the Lagrangian decomposition. 
The function has certainly appeared in previous treatments of self-dual fields. It was first 



used in the case of the chiral scalar [i = 0) in |3^, |39|, in which case it is related to the mod 
two index of the Dirac operator. In that treatment the factor was introduced in order to obtain a 
factorization of a sum over instanton sectors of the nonchiral field into a square of a single theta 
function. ^ In p7| , [28|] Witten showed that it plays a central role in the theory of self-dual forms 
in general. His discussion was based on the general theory of theta functions. He used Q to 
define precisely the holonomies of a line bundle with connection over the intermediate Jacobian. 



An analogous function also plays an important role in the theory of RR fields ||4y, ^ One 
novelty in the present paper is that we show how Q arises directly in formulating the Gauss law 
of the Chern-Simons theory. 



There is a further subtlety associated with the f2 function. As explained in section |5.2| , as- 
sociated with r2 is a (torsion) characteristic class fi G H^^'^^{X,Z). The Gauss law for the 
Chern-Simons theory (in the absence of Wilson line sources) says that F = 0, where F is the 
fieldstrength of the Chern-Simons field. However, it also says that the topological component 
a{A) G H'^^~^'^{X] Z) of the Chern-Simons field is constrained by the tadpole constraint: 

ka{A)+kfx = 0. (1.17) 

The class /i has the physical interpretation of being the Poincare dual of a brane wrapping a 
torsion cycle. In section p.2| we explain that when we choose Q we choose whether branes wrap 
certain 2-torsion cycles in X. The set of choices of Q for fixed background charge is a torsor for 
^2^+1^^. ^•j^2ff 2^+1 (X; Z). This defines a set of 2^2f+i distinct partition functions, generalizing 
the set of partition functions of the self-dual scalar on a Riemann surface. 

^Here is the "end-run" around the Hopkins-Singer theorem mentioned above. Rather than working directly with 
their Chern-Simons term we instead formulate the theory in terms of fl, following j2^. [2^ . 

''QRIF stands for "Quadratic Refinement of the Intersection Form." Note that a choice of QRIF on a 4£ + 2- 
manifold X is closely related to a choice of spin structure on the finite dimensional torus fl^^^^{X)/fl^^^{X). 

^The original computation of |3^ can be generalized to higher dimensions. The fact that the insertion of 
f2 changes the splitting of the nonchiral sum over instantons is still overlooked or misunderstood even by quite 
reputable authors, so we present the details in appendix E. 



11 



It is important to note that in the M-theory five-brane the analog of Q is U{1) valued, not just 
Z2- valued. Moreover the Q function is not a choice, but rather is determined by the topology and 
geometry of the embedded 5-brane and will in general vary continuously with the metric p3[ . 



2 Self-dual field on a Ai -\-2 dimensional manifold 



In Witten proposed a recipe for constructing a partition function of the chiral 2£-form potential 
on a 4£ + 2 dimensional Riemannian manifold X. In this section we review his basic construction. 
(We will be slightly more general, introducing a theory depending on two integers p, q.) Consider 
the Euclidean action for a topologically trivial 2£-form gauge field C G fi^^(X) with coupling 
constant g'^: 

S=7^ [ dCA*EdC. (2.1) 
•^9 Jx 

We introduce now a topologically trivial U{1) external gauge field A G Q'^^~^'^{X) with gauge 
transformation law 6 A = dX and 6C = qX, so that the field C has charge g G Z under this U{1). 
Consider the Lagrangian 

1 



-S{C,A) 



exp 



{dC - qA) A *E{dC - qA) + mp / AAdC 
X Jx 



(2.2) 



where p is an integer. For simplicity we will assume that p and q are relatively prime integers.^ 
To understand the effect of the topological interaction it is useful to rewrite this Lagrangian in 
complex coordinates. Thus, setting R = dC we have R = i?"^ + R~ and A = A^ + A~ where 



R^ = -{R±i*eR) 



and similarly for A^. Here A and C are real forms and thus [A 
this notation we obtain 



-s{CA) 



exp 



9 Jx 



= A+ and (/?")* = 
R~R^ + q^A-A-^ + {ng^p + q) A+R" + {Tig^p - q) A~R+^ 



(2.3) 
R+. In 



Now one sees that at special values of the coupling constant g~^^ = np/q only the A~ part of 
the gauge field A couples to the C field (here we assume that p/q is positive). At this coupling 
constant the action has the form 



-S{C,A) 



exp 



j +pgA-A+ + 2gA+(i?+)*} 



(2.4) 



^If gcd(p, g) = m ^ 1 we can rescale the external gauge field A ^ A' ^ niA and consider the action (^) as 
function of the rescaled gauge field A'. The normalization of A is fixed, so this is really a different theory. In 



particular, the factorization in appendix ^ is more subtle. 
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It follows that the holomorphic dependence of the partition function 

Z{A) = I ^Ce-^(^'^) (2.5) 

J top. trivial. 

on A~ represents the coupling to the self-dual degree of freedom. Therefore, let us introduce 
the Hodge complex structure J = —*e on the space of complexified gauge fields in which A'^ is 
holomorphic and A~ is antiholomorphic. The covariant derivatives are 



'x 



^ ■ r ^ 

l-KK A 



15 A+ 



and D~ = / 6A' 
'x 



6A- 



(2.6) 



where k = pq. The partition function obeys the holomorphic equation 

D~Z{A) = 0. (2.7) 



This easily follows since the Lagrangian ( p.4|) satisfies this equation. Since [D ] = the 
connection ( p.6|) defines a holomorphic line bundle C®'' over the space of complexified gauge fields 
A. 

The partition function is a holomorphic section of The fact that the partition function 
is not a function but a section of a line bundle is related to the fact that the action ( p.2|) is not 
gauge invariant. If X is a closed manifold then under the gauge transformation 6C = qX, 6 A = dX 
it transforms as 

SS = i7ik [ cAF Z{A + dX) = Z{A)e'^^^x>^^P (2.8) 

Jx 

where F = dA is the curvature of A. Thus the partition function obeys the non standard gauge- 
invar iance: 

[dDA - mkF]Z{A) = 

where D = + = 6 — ink 6 A A A with 6 being the differential on the space of gauge fields. 
The connection D has a nonzero curvature 

= -2Txikuj where ^ = \ j A M. (2.9) 

Complexification of the gauge group. The fact that the partition function is a holomorphic 
section of C'^'^ allows us to complexify the gauge group. Recall that originally the partition 
function Z{A) was a function of a real gauge field A. By writing A = A^ + A^ we realized that it 
depends holomorphically on the complex field A'^. This means that A~^ and A" can be considered 
as independent complex variables so {A^)* ^ A^ . This in turn allows us to complexify the gauge 
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group. Originally, the gauge transformations were given by a real form c G Q'^^{X): A A + dc. 
Complexification of the gauge group means that now we have two complex gauge parameters c+ 
and c~, and gauge transformations 

y4+ + ^(dc+ + z * dc+) and A~ ^ A~ + ^{dc~ - i * dc~). 

Notice that the field strength F = dA~^ + dA~ is not invariant under the complex gauge transfor- 
mation: 

F ^ F + — c/* c/(c+ - c"). 

2i ^ ' 

Evidently, by a complex gauge transformation we can restrict a topologically trivial gauge field A 
to be flat, dA = 0. 

To proceed further we need to modify the partition function ( p.5|) to include a sum over 
topological sectors. This step is quite nontrivial, and requires conceptual changes. We postpone 
the details of the construction to the next section. The partition function takes the schematic 
form 

Z,,,(A):= (^(«))' / ^C„e-^(«'^) (2.10) 

a^H^'+'^{X-Z) 7fixcd top. sector 

where Q : H'^^'^^ {X ; — {±1} is the crucial phase factor described in the introduction and 
discussed in detail in section pl2| . 

Partition function as a holomorphic section of a line bundle. The space of topologically 
trivial flat gauge fields is a torus: 

w2^+i(x) = nf+\x,R)/nl^-^\x) (2.11) 

which is a quotient of the space of closed fields, n^^^^X), by the group of large gauge transforma- 
tions A A + R where i? is a closed 2£-M-form with integral periods. Thus the partition function 
is a holomorphic section of the line bundle C^^ over the complex torus W,^^"''^ {X) which is obtained 
from the real torus W^^"'"^(X) by using the Hodge complex structure J. Thus dimn Wc = b2e+i- 
The line bundle C W^^'^^^X) has a nonzero first Chern class Ci{C) = k[uj]ciji. The symplectic 
form uj is of type (1, 1) in the Hodge complex structure J. From the Kodaira vanishing theorem 
and the index of 9-operator it follows that 

diYaH\Wl^^\C®^)= ! e'"''^^^Td{TW^^-^^)= [ e'"' = k'^ (2.12) 
where g = \<limH'^j^^\X). 
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It was argued in that for k = 1 this construction describes the partition function of a 
self-dual field. From ( p.l2|) it follows that the line bundle C has unique holomorphic section. This 



holomorphic section is the partition function for a self-dual field. 

Therefore to construct a partition function for a self-dual particle we need to 

1. construct a line bundle jC over the torus yV^^~^^{X) equipped with norm and hermitian 
connection V with curvature —2TTiuj. 

2. choose the Hodge complex structure on the torus W^^"*"^(X). Using the connection V'''^ we 
can define holomorphic sections of jC. 

A natural geometrical way of constructing the line bundle and connection on it is to use 
Chern-Simons theory in one dimension higher. 

Relation to Chern-Simons theory. A lot of information about the line bundle C^'^ is encoded 
in the topological term 

^inpj^AAdc^ (2.13) 

Recall that this exponential is not gauge invariant: under the gauge transformation 6 A = dX and 
6C = qX it transforms by 



^inpJ^AAdC ^^^^ 



inqp / X A F 



X 



^inpJ^AAdC (2.14) 



This extra phase coming from the gauge transformation looks like the boundary term of a level 
k = qp "spin" abelian Chern-Simons theory in one dimension higher. Indeed, let F be a {4£ + 3)- 
manifold with boundary X. Consider the following topological action for a topologically trivial 
gauge field A G fi2^+^(F) 

This Lagrangian is not gauge invariant on a manifold with boundary. Under the gauge transfor- 
mation A A + dX it shifts by the boundary term (p.l4|) . The Chern-Simons functional on a 



manifold Y with boundary X is most naturally considered as a section of the line bundle Cos over 
the space of gauge fields Ax on the boundary X. Our simple calculation shows that Cos and £ 
are isomorphic line bundles. 

Up to now we were able to identify k = qp with the level of the "spin" abelian Chern-Simons in 
one dimensional higher. But how do the separate factors p and q appear in the construction? One 
should think of the self-dual partition functions Z^^ as conformal blocks. There are several ways 
to construct a correlation function by gluing the conformal blocks: different gluings corresponds 
to different factorizations of the level k into relatively prime factors k = pq. 
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Now we need to add source terms to the self-dual partition function (see also Appendix A in 
35[| and section 8.2 of Witten's lectures in [@). We start again from the action Clearly the 

gauge invariant coupling of the C-field is 



(2.16) 




where S is a closed 2£-cycle in X. The cycle S is not necessarily 
connected, but might have several connected components. Since X 
is compact we are forced to assume that [S] = in the homology 
(the total charge on a compact manifold must be zero). Now we need 
to generalize this coupling to the gauged theory ( |2.2| ). The coupling 
(|2.16|) is not gauge invariant: under a gauge transformation 6C = qX 
it is multiplied by the factor 



exp 



2niq ^ A 



(2.17) 



It is natural to think of the coupling ( |2.16|) as a section of a line bundle over the space of S's. 
More precisely we choose a cobordism W of q copies of S: dW = gS and consider the coupling of 
the A field 

exp 27ii A . (2.18) 



w 



This expression is not gauge invariant under 5 A = dX but multiplies by factor ( |2.17| ). Thus the 
couplings ( p.l6| ) and ( 2.18 ) are sections of isomorphic line bundles. To interpret the coupling 
( ^.18 ) in the Chern-Simons theory on Y we just need to push out W from X to F while keeping 
the boundary components of on X so that the embedding (gS, W) ^ {X, Y) is a neat map. 



Summary. In this section we argued that the partition function of imaginary self-dual field C, or 
more general CFT at coupling g~^^ = p/q, can be obtained by quantizing level k = qp spin abelian 
Chern-Simons theory in one dimension higher. The coupling of the field C to the external sources 
can be obtained by considering Wilson surfaces in the Chern-Simons theory. For a topologically 
trivial gauge field A the theory is of the form 



exp 



ink A A dA 



2-Ki I A 
'w 



(2.19) 



where dW = qH. To proceed further we need to generalize this action to topologically nontrivial 
gauge fields A. This is the subject of the next two sections. 
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3 Field space and gauge transformations 



To proceed further we need to generalize the above construction to allow topologically nontrivial 
gauge fields C and A. The set of gauge-inequivalent fields is an infinite dimensional abelian group 
H'^^^'^iY), known as a Cheeger- Simons cohomology group. For an explanation of this see the 
pedagogical introduction to Cheeger- Simons cohomology in section 2 of |^^. This group can be 
described by two exact sequences: 

Field strength exact sequence 

^ H^'+\Y-^/'L) ^ H^'+\Y) ^ ^ 0. (3.1) 

^ V ' 

flat fields 

Every differential character A has a field strength F(^A) which is a closed (2^ + 2)-form with 
integral periods. 

*^ Characteristic class exact sequence 

^ fi2m(y)/^2£+i^^) ^ H^'+\Y)^H'''+\Y; Z) ^ (3.2) 

v ' 

topologically trivial 

Every differential character A has a characteristic class a{A) which is an element of integral 
cohomology iJ^^+^(F; Z). 

The field strength and characteristic class are compatible in the sense that the reduction a of 
the characteristic class modulo torsion must coincide with the DeRham cohomology class [-F]_Dij, 
defined by the field strength: a = [F]£)r. Putting together the two sequences we can visualize the 
infinite dimensional abelian group as 




The group H'^^^'^{Y) consists of many connected components labeled by the characteristic class 
a G H"^^^"^ {Y ] Z) . Each component is a torus fibration over a vector space. The fibres are finite 
dimensional tori \V^^~^^{Y) = H'^^~^^{Y) /H'^~^^{Y) represented by topologically trivial fiat gauge 
fields. 
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Tip 

'2^ 



(3.3) 



There is a product and integration on characters. The product [Ai] ■ [A2] induces a graded ring 
structure on H*iY), and the integration / : H'^+^X) ^ M/Z for an n-dimensional manifold Y. 

In terms of differential cohomology classes the action of the previous section is generalized to 
be . 

/ {F{C) - qA) A *e{F{C) -qA) + i7rp [ A-C 
'x Jx 

As in Yang-Mills theory, locality forces one to work with gauge potentials, rather than gauge 
isomorphism classes of fields. In generalized abelian gauge theories the proper framework is to find 
a groupoid whose set of isomorphism classes is the set of gauge equivalence classes. The objects in 
the category are the gauge potentials and the "gauge transformations" are the morphisms between 
objects. One such groupoid was constructed by Hopkins and Singer, and is known as the groupoid 
of differential cocycles, denoted by 'H'^^~^'^{Y). (We quote the definitions in appendix ^). The 
notation A is very intuitive: it reminds us that locally A is described by a differential {2£ + 1)- 
form, but the " reminds us that it is not globally well defined. 

Unfortunately the category of differential cocycles constructed by Hopkins and Singer involves 
non-differentiable objects such as real-valued cocycles and is somewhat alien to the intuition of 
physicists. At the cost of mathematical naturality we will instead postulate that there exists an 
equivalent category ^^^"""^(X) which is closer to the way we think about these objects in physics. 
We would like our category to be a groupoid obtained by the action of a gauge group on a set of 
objects.''' 

The gauge group, from which we get the morphisms of the category J^'^^~^'^{X) is, by hypothesis, 
the group H'^^~^^{X). The simplest way to motivate this hypothesis is to consider the action of the 
gauge group on open Wilson surfaces on S with nonempty boundary. The gauge transformation 
law should be: 

Xi(S)^x(5S)xi(S) (3.4) 

and thus a gauge transformation is precisely given by an element x ^ H'^^^^{X). 

Now, the set of objects of our category forms a space, "^(X). Connected components are labeled 
by iJ^^"''^(X; Z). We assume that each component can be taken to be a torsor for Vl?^^^{X) . At 
the cost of naturality, we may choose a basepoint A,, and write A = A, + a, with a G VL^^'^^{X). 
Since xi^T) = exp[27ri fj,F{x)], it follows that the gauge transformations are given by 

gcAx = Ax + F{C). (3.5) 



^Recall that given any set S and group G acting on S one can form the category S//G whose objects are points 
in S and whose morphisms are group actions s ^ s' = g ■ s. 
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Notice that flat characters R/Z) act trivially on the space of gauge fields J^'^^~^'^{X), 

therefore the group of automorphisms of any object is Aut(y4) = iJ^^(X;R/Z). 



19 



4 Defining Spin abelian Chern-Simons term in 4^ + 3 di- 
mensions 



The purpose of this section is to review the Hopkins- Singer definition of a "spin" abehan Chern- 
Simons term on a {4i + 3)-dimensional manifold Y. We use word "spin" loosely here. It does 
not necessarily mean that the manifold Y admits a spin structure, although this is an important 
special case. 



4.1 Chern-Simons functional 

First we define a Chern-Simons action on a closed manifold Y. For motivation let us begin 
by assuming that y is a boundary of a {4i + 4)-manifold Z and that the differential character 
A G Tx^^'^'^iY) extends to a differential character Az defined on Z ^. In this case we can define 
the spin Chern-Simons action by 



mk j F{Az) A F{Az) 



(4.1) 



This expression does not depend on the extension provided that the integral k §^F /\ F over any 
closed (4£ -|- 4)-manifold is an even integer. This is not always true unless k is an even integer. 
However from the theory of Wu-classes it follows that 

a U a = 1^2^+2 U a mod 2 (4-2) 

where a = a{Az) is a characteristic class of the differential cocycle Az, and z/2£+2(-Z^) is the Wu- 
class of degree 2i+2 on Z ^. Thus if the Wu-class h'2e+2{Z) vanishes equation ( [4.1|) indeed defines a 
topological action. The total Wu class u is related to the Stiefel- Whitney class w by the Steenrod 
square operation w = Squ. Using this one easily finds the first few nonzero Wu classes for an 
orientable manifold 

z/2 = W2, Vi = Wi + vol, = W2Wi + wl- (4.3) 

Actually on an n-dimensional manifold all Wu classes Vi for i > [n/2] vanish [j^. Thus in 
particular 1^2^+2 (^) = for any oriented {Ai + 3)-manifold Y. However it does not necessarily 
vanish on the extending {Ai + 4)-manifold Z. Thus the requirement i'2£+2{Z) = is a restriction 
on a choice of Z. 



*In general there are obstructions to the existence of both Z and the extension Az- In a moment we will define 
the Chern-Simons functional without appealing to an extension. 
^For some pedagogical material on the Wu class see p3| 
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Even in the case when the Wu-class z/2£+2(^) does not vanish, we can define a topological 
action. To this end we need to choose an integral lift X of the Wu-class i'2e+2- By an integral lift of 
the Wu-class we mean an integral cocycle A G Z'^^^^{Z;1j) such that 1^2^+2 = [A] mod 2. Clearly 
the choice of integral lift is not unique: we can add to A any integral cocycle multiplied by 2. Now 
we can define a Chern-Simons action by 



^2mkCSaz(A) 



exp 



2mk^ I F{Az) A {F{Az) - Xz) 



(4.4) 



Now we would like to write a formula that does not make use of extensions. Equation (|47 
motivates us to choose a refinement of an integral Wu class, namely a differential integral Wu 
class X. A differential integral Wu class is an element of a category Ti.l^~^^{Y) which is a torsor 
for 7i^^"''^(y). The objects are differential cocycles such that ^'2£+2 = a(A) mod 2. Two choices of 
differential integral Wu class differ by Ai = A2 + 2A for some differential cocycle A. For further 
details see appendix 0. The fact that ( [4.4|) is well-defined suggests that jy A - {A — X) G M/Z can 
be divided by two in a well-defined way. It is exactly at this point that a choice of QRIF enters 
the theory and provides an unambiguous definition of i i ■ (i - A) G M/Z. 

In fact, what Hopkins and Singer take as the basis for their Chern-Simons term is 



exp 



27rik- / (A ■ A 



L 



4£+4j 



(4.5) 



where I/4£+4 is a differential cocycle refining the degree Ai + 4 component of the Hirzebruch L- 
polynomial^°. Again, having chosen a QRIF the division by 8 is well-defined. This at first seems 
unrelated to our Chern-Simons term, but if we set A = Aq — 2A then ([4.5|) becomes 



27rifc CS 



(A) ._ 



exp 



27rik- A -(A 
2Jy ^ 



Ao) + 2'jTik^ I (Ao ■ Ao 



(4.6) 



In this paper we are mostly concerned with the A-dependence of the Chern-Simons term, but 
we expect that when one takes into account metric dependence it will be very useful to include 
the second term. The Chern-Simons functional depends on a choice of A. Its dependence is given 
by the following simple formulas: 



CS 



Y,\~2B 



(^{A) = CSyx{^ + B) modi; 



(4.7a) 



"'^"Recall that the Hirzebruch polynomial is 



tanh Xi 



3 



7P2 - 2pl 
90 
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CS{A + B)- CS{A)-CS{B) + CS{0) = j A- B modi. (4.7b) 
Thus the Chern-Simons functional is a quadratic refinement of the bihnear form on the objects of 

Variational formula. Suppose we are given a family Z of 4£+3-manifolds over the interval [0, 1]. 

We denote by Yt the fibre of this family over point t. Let A G 7^^^"'"^(Z) 
be a differential cocycle and let A G Ti.ff^'^{Z) be a differential integral 
Wu class on the total space of the family Z. Then one can show that the 
following formula is true 

t ; CSy^;,^iA^) - CSy^;,^{Ao) = \l F{A) A F{A - A) 

+ 1 /" [F(A) A F(A) - F{L,e+,)] mod 1. (4.8) 

Chern-Simons functional on a manifold with boundary. On a manifold Y with boundary 
X the Chern-Simons functional is naturally defined as a section of a line bundle Ccs over the 
space of gauge inequivalent fields on the boundary H'^^~^'^{X). 

The section is constructed as follows: if Y is any (4£ + 3)-manifold with boundary X over 
which the differential cocycles Ax and Ax extend then there is a section "^yiA) of Ccs- Now 
given two possible extensions (Yi,y4i) and (12,^2) we must specify the gluing function between 
them. Let A12 be a differential character on Yi Ux Y2 obtained by combining two extensions Ai 
and A2. Here Y2 denotes manifold Y2 with opposite orientation. The relation between the sections 
is 

^!yAM) = e'"'^^^i^x>'2,A(^i2) ^!yM2). (4.9) 

Differential cocycles on chains. To define the action for topologically nontrivial gauge field 
we also need to define a holonomy of A over a chain W G Z2£+i(F;Z) with 
boundary qL. The boundary S is not necessarily connected but might have 
several connected components. The holonomy of A over a chain with boundary 
is most naturally considered as a section of a line bundle over the space 
of restrictions of gauge field A to S. 

The section is constructed as follows: if W is any {2i + l)-chain with the 
boundary gS over which the differential cocycles Ax and Xx extend then there 
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is a section Holvi/(^) of Cq^,. Now given two possible extensions Wi and W2 we must specify the 
gluing function between them: 



HolvFi(i) = e^'^*^^^^^''^'^^) HoW,(i). (4.10) 

Chern-Simons functional as a quadratic function. In the previous section we saw that 
Chern-Simons functional appears in three different kinds: as a number on a closed 4£ + 4 manifold; 
as a map to M/Z on a closed 4£ + 3 manifold; and as a line bundle with connection on a closed 
4£ + 2 manifold. 



Let E/S be a family of manifolds of relative dimension 4£ + 4 — -i, with i ^ 2. In p9 
Hopkins and Singer constructed a Chern-Simons functor from the category of differential integral 
Wu structures on _E to a category Wi^S). So depending on i they constructed: for z = an 
integral valued function, for i = 1 a function with values in M/Z and for i = 2 a, line bundle with 
connection. Moreover, these constructions satisfy natural compatibility conditions. We described 
this construction in a slightly different language in the previous paragraphs. 
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5 Quantization of the spin abelian Chern-Simons theory 



In this section we consider Hamiltonian quantization of the spin abehan Chern-Simons theory on a 
direct product space y = M x X. In general, there are two ways to quantize Chern-Simons theory: 
one can first impose the equation of motion classically and then quantize the space of solutions of 
this equation, alternatively one can first quantize the space of all gauge fields and then impose the 
equation of motion as an operator constraint. In this paper we mostly follow the second approach, 
although our ultimate goal is to construct wavefunctions on the gauge invariant phase space. 
Consider the following topological field theory 

^iS ^ ^2-KikCSYj^{A)^-2-KiA{W) 

where = M x gS and gE is a 2£- dimensional cycle on X. The cycle S is not necessarily connected 
but can have several connected components. Since z^2f+2 = on F one can shift A to choose A to 
be fiat: F{X) = 0. We will always make this choice. 

Using the variational formula (|4.^) one obtains the familiar equation of motion 



kF{A) = Sw (5.2) 
where 6w is a (2£ + 2)-form delta-function supported on the cycle W: = JyO, ^w- 

Hamiltonian. Recall that the set of objects 'Ta{Y) in the category J^'^^~^'^(Y) consists of many 
connected components labeled by the elements of H'^^~^'^{Y;Z). Each component is a torsor for 
Q'^^+^(Y). Thus we can parameterize any gauge field A with a fixed characteristic class a{A) by 
choosing a reference gauge field A,, then A = A, + a where a is a globally well defined {2i + 1)- 
form. We hope that there will be no confusion between the differential form a and characteristic 
class a{A). The latter will always come with an argument. Using the variational formula ( |4.8| ) 
one finds the local action: 

Sioc{A, + a) = k / (27ra A F, + vra A da) - 27r <* a. (5.3) 
Jy Jw 

Decomposing 

a = ax + dt /\ aQ and F, = F, x + dt A F,^ (5.4) 
where all forms on the right hand side are t-dependent forms on X one finds the local Lagrangian 

LiociA. + a) = 2nk / (| ax A Ox + ^.,o A ax) + 2iv ao A {kFx - qS^)- (5.5) 
Jx Jx 

Here Fx = F,^x + da and 6^ is a 2£ -|- 2- form delta function supported on S: =: J-^ao ASj^. 
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Phase space. The symplectic form is 27iku! where u is defined in ( |2.9| ). The phase space Pgs 
is a union of components of H^^~^'^{X) given by the differential characters with the characteristic 
class ka{A) + kfi = PD[gS] and (after imposing the classical equation of motion) is isomorphic to 
a disjoint union of tori modelled on W^^+^{X) = nl^+\X)/nl^+\X). 

Pgj: = {AxeH^'+\X)\ka{Ax) + kfi = PD[qT.] and kF{Ax) = qSj^}. (5.6) 

To quantize Chern-Simons theory we use geometric quantization. Recall that geometric quan- 
tization consists of three parts: 

1. A choice of prequantum line bundle C PqY, over the phase space P^s. It must be equipped 
with norm and hermitian connection with curvature —2TTikuj. Then the prequantum Hilbert 
space H'^'' = L^(Pgs, C) is the space of L^-normalizable sections of C Note that prequantum 
line bundle is not unique: one can take C ^ C ® S where S* is a flat unitary line bundle 
deflned by an element in if ^(P^Sj IR/^)- 

2. Polarization. If P^s is a Kahler manifold then there is a natural choice of polarization given 
by the compatible complex structure J. The quantum Hilbert space Tij" = H^2{C) is a 
subspace of 1-^^ given by holomorphic sections of C. 

3. The choice of polarization should not be important. The space of quantum Hilbert spaces 
TYj" form a sub-bundle in T-T^ x T where T is a Teichmiiller space of complex structures on 
PgS (see Figure |l]). The fact that the quantization is independent of the choice of polarization 
is made precise by equipping this subbundle with a projectively flat connection. 

We will approach this by imposing the Gauss law on wavefunctions on an inflnite dimensional 
space. 

Prequantum line bundle and connection. The phase space of the Chern-Simons theory is 

^:= Ohi{J^^'+\X)) 

the space of gauge flelds. The topological action ( |5.1| ) deflnes a natural line bundle 

£ = ® Choi ^ X Z^,. (5.7) 

We assume that a cocycle E G consists of connected components, S = niEi + ■ ■ ■ + niyT,]y. 
Here Cos is the line bundle corresponding to the level 1 Chern-Simons functional on a manifold 
with boundary, and ChoI is a line bundle on which the gauge group H'^^~^^{X) acts as follows: 

(^c*)(E) = e^-'''^^^) ^(S). (5.8) 
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J 



Figure 1: The quantum Hilbert space Ti"^" is defined as a subbundle inside the trivial bundle 
sections oi C ^ Pq^,- 



l-C^^ X T . The fiber over the complex structure J is defined by L^-normalizable J-holomorphic 



The line bundle has a natural connection defined by the level k Chern-Simons phase. 
Consider a path Ax{t) in the space of differential characters ^ where t G [0, 1] is the coordinate 
on the path. One can think of Ax{t) as of a differential character from Z^^"'"^([0, 1] x X). The 
parallel transport is defined by 

'^{{Mm ■■= e^-^^-^^[o^^i-(^-W) G Hom(£g^U^(o),^SsU.(i))- (5-9) 

The tangent vector to the path {Axif)} is G Vl?^^^{X). The curvature of the connection ( |5.9| ) 
can be computed from the variational formula 



^Ax(<^i'<^2) = -27r2A;ti;(0i,02) where u;(0i,02):= / 0i A 02- (5.10) 



X 



The holonomy function allows one to define a parallel transport of sections of ChoI along a 
path {Ax} xWt {t e [0, 1]) in the space of 2^-cycles: 

^({Ay} X Wt) := e-2-''^-(^) G Hom(£Hod(A^,H/o),'CHod(A^,M/i))- (S-H) 

The tangent vector to the path Wt is a vector field rj defined in the vicinity of W and producing 
an infinitesimal deformation of the cycle S. The curvature of the connection ( |5.11| ) at the point 
(i,gS) is 



^(Ax,s)(^i5^2) = 27rzg / ir^^ir^^F{Ax). (5.12) 

JT. 

In most equations below we will assume that the 2£-cycle S is fixed. So to simplify notations 
we denote a path Ax{t) x {S} in the space of differential characters for the fixed 2£-cycle S by 
Ax{t). 
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A- 



A- 



Now for any </> G VL^^^^{X) we introduce a straightline path Px-^{t) = 
A + t(f) in the space of differential characters Using the variational formula 
one finds 



A 



(5.13) 



Now we need to lift action of the gauge group (defined in section 3 above) to the line bundle 
C The difference between a group lift and parallel transport is a cocycle. That is, we can 

define the group lift by 



(gc^){A + R) 




{-gcmgcAx; S) := ^{Ax; [C])e-'-^'^^^^^^ {pA,.^R^c))^iAx; S) 

(5.14) 

provided ip is a. phase satisfying the cocycle condition: 

^{9cM [C,]MAx; [C,]) 

= ^{Ax; [Ci] + [C2]) e-'-'=-(^(^i)'«(^2))_ (5_i5) 

We will impose an operator constraint on the wave function - the Gauss law - which says 
{g(y'if){gQA; S) = 'if{gQA] S) (for more details see section |57^ ). 



5.1 Construction of the cocycle via a C hern- Simons term 

One way to construct a cocycle proceeds using a construction going back to Witten and described 
in detail in It makes use of the Chern-Simons term as constructed by Hopkins- Singer and 
described in the previous section. Since the Hopkins- Singer definition is not explicit enough for 
our purposes, in the next section we will take a different route to the cocycle. However, the 
Chern-Simons definition of the cocycle provides an important motivation for the construction we 
use. 

Recall that a Chern-Simons functional on Ai + 2-manifold X defines a line bundle with con- 
nection. The holonomy of this connection around the loops in ij^^+^(X) is a natural candidate 
for the cocycle if [Q. This holonomy can be calculated as follows |2^, construct a differential 
cocycle on closed {M + 3)-manifold x X: 

Ax + t-C 

where [t] G H^{S^) is the canonical character associated with = U{1). This character has a 
field strength F{A) + dt A R{C) and characteristic class a + [dt] U a{C). The holonomy on cycles 
of type {t} X W2e+i is 
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and e^''*^^^^;?) cycles of type X Yi2e- Now using this twisted differential character we can 
define 

^{Ax; [C]):= e2^ifcCS5i,^(Ax+t.c)_ ^^^^g^ 

Two remarks are in order. First, the half-integer level Chern-Simons term was defined by 
Hopkins and Singer using a different category from what we are using, but it only depends on the 
isomorphism class of the objects, and hence it can be applied here. Second, the Chern-Simons 
term depends on a choice of QRIF. That includes in particular a choice of spin structure on the 
S^, which should be the bounding spin structure 5*1, for reasons we next discuss. 

A standard cobordism argument shows that the functional ( p.l6| ) satisfies the cocycle relation 
( p. 151 ). Indeed, consider a differential character on the (4£ -|- 3)-dimensional spin manifold (Si x 
X) U {Si X X) U {Si xXy restricting to Ax + i-Ci, Ax + R{Ci) +i-C2 and Ax+t- {Ci + C2) 
on the three components {X^ means a change of orientation on a manifold 
1 + 2 : [X y^ sY X). Then we choose the extending "generalized spin" (4£ + 4)-manifold to be 
Z = A X X where A is a pair of pants bounding the three circles with spin 
/ \ structure restricting to Si on the three components. To be explicit we can 

/ J I . A choose A to be the simplex {(^1,^2) '■ ^ ^2 ^ ^ 1} with identifications 

1 : X X 51 2:Xxs" t j ~ tj + 1 . We exteud the differential character A (ti , ^2) := + ^1 ■ C*i + ^2 " C'2 
which clearly restricts to the required characters on the boundary. The field 
strength of this character is Fz = F{Ax) + dti A R{Ci) + dt2 A -R(C*2). We therefore can use the 
variational formula (WM to show 



^{gcAx)-^ [C2])v{Ax-. [Ci])v*{Ax; [Ci] + [C2]) = e'^'^^^^^^z = g-i.fc^(«(co,m))_ 

Using properties of the multiplication of differential characters one can rewrite the cocycle 
( CT as 

^{Ax; [C]) = n{[C])'' e^-^'^/xt^l-l^^l (5.17) 

From the properties of the Chern-Simons functional we find that ^([(7]) is a locally constant 
function of [C]. Therefore it only depends on a([C*]). Since there is no difficulty in defining the 
integral level Chern-Simons term (i.e. k divisible by two), Q must take values {±1}. Finally, from 
the cocycle condition we derive: 

n{[Ci] + [C2]) = n{[Ci])n{[C2]){-iy^''^'^'^'"'^'^'^ (5.18) 

5.2 A direct construction of the cocycle 

The definition of the half-integral level Chern-Simons term (/c = 1 in our notations) in |^ is very 
subtle, especially in its dependence on certain choices. Therefore, we take a different view here. 
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Our viewpoint is closer to that of Witten's in p8 




Using the Chern-Simons definition as motivation we construct the cocycle by setting 

but now, we seek to define the cocycle by choosing a function Vt : H'^^'^^{X; Z) U{1) such that 

Q{ai + as) = n{ai)Q{a2){-iy^ (5.20) 

Any such function Q can be used to construct a Chern-Simons theory. A choice of is a choice 
of theory. 

What are the possible choices of Q7 Two solutions of ( p.2(j| ) differ by a homomorphism from 
^2^+1 ^j^. to M/Z. By Poincare duality it follows that any two solutions Qi and ^2 are related by 
n^(a) = fii(a) e^^J^ '^^^ where e e H^^+\X, R/Z). If we want to take values ±1 then e is 2-torsion, 

i.e. 2e = 0. 

Now, associated to Q is an important invariant. Note that since the 
bilinear form J^aU b vanishes on torsion classes, is a homomorphism 
from Z) to R/Z. Since there is a perfect pairing on torsion classes 

it follows that there is a /i G H^^;!,'^{X;Z) such that 

« o * ^(a,^) = e'"'^("^'^) = e'"'^^"^^ (5.21) 

for all torsion classes a^. In the second equality we have written out the definition of the torsion 
pairing T(a, /i), namely, if ay = /5(a) where jS is the Bockstein map then we can express it as a cup 
product. If we choose to be Zs-valued then /i is 2-torsion. Note that if ^l2{a) = f2i(a)e*'^-'^"^^ 
then /i2 = /ii + Pie)- 

Thus, the set of Zs-valued solutions is a torsor for the group of 2-torsion points G = 
{H'^^~^^{X, R/Z))2. The set of solutions with a fixed value of /i is a torsor for the 2-torsion points in 
the identify component Go = Wi^^\X). The group Go is isomorphic to H'^^+\X; Z) /2H'^^+\X; Z) 
where H'^^~^^{X; Z) denotes the reduction of the cohomology group modulo torsion. 

It remains to establish the existence of a solution to (|5.2CI|) . To do this we choose a Lagrangian 
decomposition H^^~^^{X; Z) = Fi © Fs and then define 

fir,er,(a) := e'- fx--'^^' (5.22) 

where G Fi, G Fs. One easily checks that this is a cocycle. Moreover, it clearly has /i = 0. 

For /i = the Zs-valued function Q can be related to quadratic refinements of the cup product. 
The Gauss-Milgram sum formula allows one to define a mod 2 invariant of Q (the Arf invariant) 

arf (fi) := \G\-^/^ ^ Q{x). (5.23) 
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From equation (|5.20| ) it follows that arf(f2) takes values in {±1}- Thus there are two types of fi's 
depending on the value of the Arf invariant: 



even solutions: arf(r2) = +1 and odd solutions: arf(r2) = —1. 

Let {Qs} be the finite set of all solutions with /x = 0. It is a torsor for Go- Denote g(s) := 
arf(f25), now using ( ^.201) one easily obtains: 



q{s + x)=q{s)Q,{x), or Q^{x) = ^^^^. (5.24) 

q{s) 

This shows that Q{x) is a ratio of two mod 2 invariants. Moreover, g is a quadratic refinement of 
the intersection pairing: 

q{s + x + y)q{s) ^ 
q{s + x)q{s + y) 

As mentioned in the introduction, will refer to a choice of solution f2 as to a choice of QRIF. Note 
that for i = the set {s} is set of spin structures, and q{s) is the mod 2 index of the Dirac operator 
corresponding to spin structure s, so a choice of QRIF generalizes the choice of spin structure. 

5.3 Quantum Gauss law 

The wave function must define a section of the line bundle JC over a component of the space of 
gauge inequivalent fields satisfying the tadpole constraint. In the previous section we 

constructed a line bundle C over the objects 'i^ of the category A section \1/ of £ ^ 

descends to a section of C iff it satisfies the Gauss law constraint 

^{9cA,qE) = ^{A; [G]) e-2-^'^^(^%(pAii(c))^(A gS). (5.26) 

Tadpole constraint. We have constructed a line bundle with connection over the space of gauge 
potentials. Now we would like it to descend to a line bundle with connection over the isomorphism 
classes of fields. The condition for this is the "tadpole condition," which in our context is the 
condition that the automorphism group of an object acts trivially on the fiber of the line bundle. 
(Here we are following the general line of reasoning of WTj.) This amounts to the condition 



V7(i; [C]) e-2"'^^(^) = 1 

on flat characters [C] G iJ^^(X; M/Z). Combining (|5.19|) with ( ^.21 ) we obtain the condition: 



kfi + ka{A) = PD[qJ:] (5.27) 
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where PiI'[S] is the Poincare dual to the homology class [S] G H2i{X\ Z). 

What is the physical interpretation of /i? If we view PD[gS] — together then we see that 
we can interpret /i as the class of a background brane wrapping a two-torsion cycle. For example, 
in the case of the 5-brane partition function, nonzero /i means that the background contains a 
string wrapping a cycle Poincare dual to /i. 

Thus, from the physical point of view we should first choose ^. This partially specifies the 
background — telling us the homology class of possible torsion branes. Having fixed that back- 
ground, the set of possible partition functions is a torsor for Gq. These are the possible partition 
functions generalizing the well-known set of partition functions of a self-dual scalar on a Riemann 
surface. 

Finally, let us remark that ii k > 1 there might be several solutions to ( |5.27|) , e.g., if there is 



fc-torsion. In this case the partition function becomes a section of a line bundle C'^^ over several 
connected components. 

The cocycle ip looks particularly simple for differential characters satisfying the tadpole con- 
straint ( [5.27| ). We choose a flat differential cocycle [fi] G H'^^~^'^{X) with (torsion) characteristic 
class a(/i) = fi. If i^([C']) is Z2- valued then one can choose jl to be 2-torsion. Now we can rewrite 
the phase in (|5.26|) in the form 

^{A; [C'])e-2-'^^(^) = [(](a((7))e-2"/^I^HA]]'^-e2.a./^[c].([l]+[A]-f[5{E)])_ 

Notice that the first term defines a QRIF with zero characteristic class which we denote by 
f2o([-R(C*)]). It depends only on the DeRham cohomology class of the curvature R{C) of the 
differential cocycle [C]. For A satisfying the tadpole constraint ( |5.27| ) the term [A] + [p] — |[5(S)] 
in the exponential is a topologically trivial differential character. Thus it can be represented by a 
2i + 1 form a{A, S) which satisfies two properties 

c/a(i, S) = FM) - and a(i + a, S) = ctM, S) + a Va G r^^^+VX). (5.28) 
k 



So finally the Gauss law ( p.26| ) can be written as 



^{gcAqJ:) = fio([i?])'e-2-'=-(^"^(^'^))^(p^^^(e))vl/(i,gS). (5.29) 



To conclude: When the tadpole condition ( ^.27|) is satisfied the line bundle C with connection 



descends to a line bundle C with connection over a component (or components) of H'^^~^'^{X). 
This line bundle with connection is completely determined by a pair {(f{A, [C]),ku!) where u is 
the curvature of the connection (a closed 2-form with integral periods) and </) is a cocycle 

ipiA; [Ci] + [^2]) = cpiA + [^2]) cpiA; [Ci]) g-'^-^^^'^^) (5.30) 



31 



which equals 1 on the flat characters if^^(X;M/Z). The co cycle fixes the holonomy of the con- 
nection along noncontractible curves in The noncontractible curves are specified by 
elements [C] . Note that the cocycle ip depends both on A and [C] as it must since the curvature is 
nonzero. Notice that if we are in the topologically trivial component, e.g. a{A) = 0, then we have 
a preferred point A = 0. Then essentially all nontrivial information is encoded in the holonomies 
through the curves containing the origin p8 |. 



Gauss law in local coordinates. Each component in the space of objects in Jif'^^~^^{X) is a 
contractible space. Thus the line bundle £ — > is trivial. To construct a section explicitly we 
need to choose an explicit trivialization of this line bundle. To this end we choose an arbitrary 
reference differential character A, satisfying the tadpole constraint ( p.27| ). Then an arbitrary field 
configuration (in the connected component) can be parameterized hj A = A, + a where a is a 
globally well defined {2i + l)-form. Define a canonical nowhere vanishing section S of unit norm 
by 

S{A) ■.= ^{Va.;A~a.)S. 

where S*. G C and 15,1 = 1. The wave function Zp^q{a, S) is a ratio of two sections '^{A) / S{A). 
From equations ( ^.14 ) and ( ^.29 ) it follows that the Gauss law takes the following form on the 



wave function 

Zp,g(a + i?, S) = n^{[R]f e-2-^'="(^'-(^-'^))-^-'=-(«''^) Zp,g(a, E) (5.31) 
for an arbitrary closed (2£+ l)-form R with integral periods. The form cr(A, S) is defined in (|5.28| ). 

Dependence on a choice of a base point. Recall that the wave function Zp^q{a) is defined 
as a ratio of two sections ^{A) and S{A). The section S depends on a choice of the base point 
A„ and thus the wave function Zp g also depends on this choice. 

Let aI^^ and aI^^ be two base points which solve the tadpole con- 
straint ( |5.27| ). Depending on the choice of a base point we have two 
different trivializing sections Si and 5*2: 

A 

for z = 1, 2 and aj := A — A^^\ The coordinates Oi and a2 are related by 
^2 = guio-i) '■= c^i + AA, where AA, := A^^^ — A^^\ In turn the wave functions Zi{ai) and ^2(^2) 
are related by 

22igi2{ai)) = guiai) 2i{ai) (5.32) 
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where the gluing function gi2 is 

g,,^a,) ■.= ^ = e-^-(-'^^-) ^JSi'\ (5.33) 



The dependence on a choice of base point arises because there is no canonical trivialization, 
and is related to the fact that the line bundle is nontrivial over the gauge invariant phase space. 
Indeed, one interpretation of these formulas is as follows: one can think of a choice of basepoint 
A, and trivializing section S{A) as a choice of local coordinate system on the line bundle C ^ ^ 
(or C over a component of H^^~^'^{X)). Once we have chosen A, we can identify the space of gauge 
fields with f2^^"'"^(X) (or with 0,'^^'^^ (X) / fl'^'^^ (X) respectively). In local coordinates a section 
\I/(A) is described by a function Zp^q{a) where a := A — A, G Q'^^~^^{X). Suppose we are given two 
coordinate systems {A^^\ Si) and {A^^\ 6*2). The formula ( |5.32| ) defines the gluing function of 
local sections Zi and Z2 in coordinate systems 1 and 2. One can easily verify that ^12^23^31 = 1, 
and thus (|5.33|) defines a cocycle. The cocycle (712(01) is globally well defined on £ — > but it 
does not descend to a globally well defined cocycle on C ^ H'^^~^'^{X). 
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6 Construction of the partition function 



The content of this section is as follows: To obtain a quantum Hilbert space we need to choose a 
polarization on the phase space ^ = Ohi{Jif'^^~^'^{X)). A choice of Riemannian metric qe on X 
defines a complex structure J = —*e on Tj^^ = VL^^^^{X). The quantum Hilbert space consists 
of holomorphic sections of £, i.e., which satisfy = 0. 

Note that there are infinitely many sections of C which satisfy the Gauss law ( ^.26|) , in contrast 
there are finitely many holomorphic sections which satisfy the Gauss law ( p.26| ). By choosing a 
local coordinate system {A,, S{A)) on C ^ 'if one can try to construct a holomorphic solution of 
the Gauss law explicitly. The resulting expression will in addition depend on some extra choices 
such as a lagrangian decomposition H'^^~^^{X]'Z) = Fi © r2 of the integral cohomology modulo 



torsion. The (local) expression for the partition function is summarized by Theorem |6]T 



6.1 Choice of polarization 

Equation ( ^.2?| ) constrains the connected component in the space of the gauge fields Now by 
choosing a local coordinate system [A,, S) we can identify the phase space with the real vector 
space 14 = n^^-^\X, R) by i = i. + a, a G V^. " 

The vector space Vm has a natural antisymmetric form 

uj{(pi,4>2) = I 01 A 02. (6.1) 
Jx 

This 2-form is closed and nondegenerate and thus it defines a symplectic structure on the space 
of gauge fields Moreover a choice of Riemannian metric qe on X defines the Hodge metric on 

5'(01,02) = / 01 A *£;02. (6.2) 



X 



Each metric on defines for us a compatible complex structure: 

5'(0i, 02) = '^(-''- 01,02) =^ J-4> = -*e4>- (6.3) 
Using this complex structure we decompose the space of real forms as 

imaginary anti self-dual imaginary self-dual 



""^^If we took the view of constraining and then quantizing then the phase space will be a quotient of the space of 
closed forms. 



34 



Any vector W~ of the complex vector space can be uniquely written as 

R+ = ^{R + i*eR) (6.4) 

for some real vector R & Vm.- 

This decomposition introduces complex coordinates on the patch {A,,S). Recall that in real 
local coordinates we have a covariant derivative D := 6 — iTxkuj{5a, a) which is defined on sections 
of the line bundle C Here 5 is the usual differential with respect to a. One can verify that this 
definition of the covariant derivative is consistent with the coordinate transformation ( |5.32|) . In 
complex coordinates the covariant derivative D decomposes as D = + D~ where 

= 5^ — i'Kkuj{5a^ ,a~) and = 5^ — iTikuj{5a~ ^a^). (6-5) 

The quantum Hilbert space consists of holomorphic section, i.e. D"'^ = 0. 

In the local coordinates {A,, S) one can identify holomorphic sections D~ Zp q{a~^ , a~) = with 
holomorphic functions i}{a~^) via 

Zp,g(a+, a"; S) = e'"'="(""''^^)t?(a+; E). (6.6) 

Again one can verify that the corresponding gluing functions ( |5.33|) for ^ depend holomorphically 
on a~^. In this case the Gauss law constraint ( [5.31| ) takes the following simple form 

i9(a+ + i?+;S) = {l]o([/2])e-2'^''"(^''^(^-^))}' ^9(a+; S) (6.7) 

for all R G ^1^~^^{X). Here we have introduced a hermitian form H on x V^. It is defined 
using the metric g and symplectic form u: 

H{u^ , v'^) := 2iLu{u^, t;+) = g{u, v) + iuj{u, v). (6.8) 

In our notation H is C-linear in the first argument and C-antilinear in the second: H{u, v) = 
H(v,u). 



6.2 Partition function 

Equation ( |6.7|) looks like a functional equation for a theta function. The important difference is 
that the equation for a theta function is usually defined on a finite dimensional vector space, while 
our equation is on the infinite dimensional vector space Q^^~^^{X). Nevertheless we can use the 
same technique to solve it, namely, we will use Fourier analysis. 

Note that the function 'd{a~^] S) is not invariant under translation a"*" t-^ a+ + To be able 
to apply Fourier analysis we need to have a function which is essentially invariant (i.e. transforms 
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by a character) under translation of at least "half" of the group ^l'^~^^{X). In the theory of theta 
functions this problem is usually solved by introducing a C- bilinear form B on x V^. Using 
this C-bilinear form we can define a new holomorphic function 

^{a+; S) = e-^^ ^(''^''^^)^9(a+; S) (6.9) 

which satisfies the following Gauss law 

i9(a+ + i?+;S) = {f]o([i?])e-'"'"(^''^(^-^))}' (^-^)(^^'^^)+-^(^-^)(''^'^^) ^(a+; S). (6.10) 

The form (H — B)(-, R~^) vanishes on the "half" of the group Q'^~^^{X). Thus we can solve equation 
( |6.10| ) by the Fourier analysis. So to proceed further we need to define a C-bilinear from on an 
infinite dimensional space x V~^. For simplicity we henceforth put k = 1. 

Defining a C-bilinear form. Recall that we are given an infinite dimensional vector space 
Vk = fl'^^'^^{X), a complex structure on it J = —*e and a symplectic form u. In the previous 
subsection using these structures we defined a complex vector space together with the hermitian 
form H on it which is C-linear in the first argument and C-antilinear in the second. 

To define a C-bilinear form on x it is sufficient to have a C-antilinear involution of 

J : 1/+ ^ 1/+ and i{zv+) = zi{v+) Vz G C. 

Indeed, given I we can define the bilinear form by 

E(m+, v+) := H{u+, i{v+)). (6.11) 

There is no natural choice of such an involution. However a choice of Lagrangian subspace V2 C Mr 

defines one. Note that Mr = V2 © with V.^ := J(V2) is a La- 
grangian decomposition. Indeed, both V2 and J(V2) are maximally 
isotropic subspaces. Thus to prove the statement it is sufficient to 
show that V2 n J(V2) = {0}. Since V2 is Lagrangian V2 fl J{V2) 
is a subspace of Mr on which u vanishes. But J is a compatible 
complex structure, therefore the metric g defined by ( |6.3D also van- 
ishes. In turn g, being the Hodge metric, is nondegenerate and thus 

M2 n J(M2) = {0}. 

Every Lagrangian decomposition defines an involution I of Mr- Any vector u G Mm can be 
uniquely written as v = V2 + V2 ■ The involution I is defined by changing sign of 

I{v) ■.= V2-v^. (6.12) 
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This involution is compatible with the symplectic structure in a sense that the R-bilinear form 
■) is symmetric. Moreover, it anticommutes with the complex structure, / oj + jo/ = 0. 
The involution J on defines a C-antilinear involution I on by^^ 

i[v+) := (/(tO)+. (6.13) 

The form {H — B){u^, v^) can be written in the following two equivalent ways: 

{H - B){u+,v+) =2iuj{u, J^~{v)) where J^-{v) := - i *e v^; (6.14a) 
= 2g{ui,vi)+2tuiu2,vi). (6.14b) 

Or put differently the form B defined by ( |6.11| ) has the following properties 

^\v+xv+ = ^\v+xv+ ^\v+xV+ = H\v+xV+ ~ 2^t^|v2xvi- (6.15) 

From this definition of B it follows that it is completely determined by the hermitian form H and 

a choice Lagrangian subspace V2. 

Another way to define B proceeds as follows. Note that is a real subspace of generating 
as a complex vector space. The hermitian form H restricted to x V.^ defines a symmetric 

R-bilinear form. Its C-bilinear extension to x yields the form B defined above. 



Decomposition of Q'^~^^{X). Having chosen B we can now try to solve equation (|6.1CI| ). From 
( |gJ[3D it follows that {H - 5)(-, R+) vanishes for e I/2 n ^l^'^^X). Thus the function ^9(a+) is 



essentially invariant (i.e. transforms by a character) under translations by the group l^nf2^^'^^(X). 
Now we need to choose a complementary part of this subgroup inside Q'^~^^{X). The complication 
here is that f2|^^^(X) is not a lagrangian subspace. 

We define a "complementary part" of this subgroup as follows. The symplectic form uj on 
defines a symplectic form on the DeRham cohomology F = H'^^^{X). This symplectic form 
is integral valued on the image F := H'^^'^^ {X ; Ij) of integral cohomology inside the DeRham 
cohomology. In turn, a choice of Lagrangian subspace V2 C Vm defines a Lagrangian subspace 
F2 C Hf^^^{X). We denote by choose f2 the corresponding lattice inside H'^^'^^ {X ; Z) . Now 
define Fi to be an arbitrary complementary Lagrangian subspace of F2 such that the lattice F 
decomposes as Fi © f 2. Choose a subspace Vi C Vk to consist of all closed 2£ + 1-forms whose 
DeRham cohomology class lies in Fi: 

Vi = {Re nf+\X) I [R]dr G Fi}. (6.16) 

The intersection Vi fl il'^'^^{X) we denote by Vi, i.e. the space ( |6.16| ) with Fi changed to Fi. 
^^To prove this note that for z = x + iy we can write zw^ = (x + yJ)v^ = ({x + yj)v)^ . Now using definition 



( 6.12 ) of the involution I one easily verify I[zv'^) = zl{v^). 
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Lemma 6.1. Vi defined by ( |6.16| ) is a Lagrangian subspace of Q'^^~^^{X) . 



Proof. Note that by construction Vi is isotropic. We need to prove that Vi is maximally isotropic. 
To this end we choose an arbitrary Riemannian metric h o\iX. Then we can rewrite the definition 
( [7.5|) by changing Fi to V\. In this form the statement of the lemma obviously follows from the 
Hodge decomposition. □ 

Note that Vi and V2 are not complementary lagrangian subspaces. They have nonzero inter- 
section V12 := \4 n V2 where 

V12 = {exact forms in V2}. (6-17) 



Quadratic function Vt^. To write down an explicit solution to the Gauss law (|6.7|) we need 
a simple formula for VLq. As we have mentioned above a choice of VLq with /i = is naturally 
determined by a Lagrangian decomposition of ff^^+^(X;Z) = Fi © Any R G Vt^^'^{X) can 
be written as = i?i + i?2 where Ri e Vi and R2 ^¥2^ Vl?^^^{X). Since Vi n I/2 ^ {0} this 
decomposition is not unique and two different decompositions are related by adding exact forms 
in V2. Now define 

fir,er.(i?) := e^--(«^'«^). (6.18) 

Since Ri and R2 are closed it follows that VLy^,^y2{R) does not depend on a particular choice of 
decomposition R = Ri + R2. Moreover f2ri®r2 takes values in {±1}. 

m 

o o 

o \^ • 

_ _ _ can be obtained from 

o . - -X: ' « • lagrangian decomposition 



Given firi®r2 we can parameterize all solutions with /i = by [e:] G il'^^^^{X)/H'^~^^{X). So 
can be written as 

QoiR) = e'"^(^i'^2)+2™(^'^). (6.19) 

If we want ^o{R) to take values in {±1} then e is quantized [e] G ^lf^^{X)/^l'^~^^{X). In this case 

2 

a simple calculation shows that only even solutions (arf(f2) = +1) can be obtained by a choice of 
Lagrangian decomposition. 

We will see that a choice of e yields a half integral shift in the fiux quantization condition. In 
particular, if Q is an odd solution then the self-dual fiux is half-integrally quantized. 



38 



Partition function. Now one can solve equation ( |6.10|) via Fourier analysis. The expression 
for the partition function can be summarized by the following theorems: 



Theorem 6.1. The following Euclidean functional integral 



d'^{a+) = exp \--{H - B){r]+, r]+) + -B{a+, a+) - n{H - B){a+, V 



exp 



Vi/Vv. 



--{H - B){R+, R+) + n{H - B){a+ + r/+, i?^ 



(6.20) 



(where the integral goes over all closed forms i? G Vi modulo exact forms in V2) a,T] ^ Q'^^~^^{X) 
satisfies the functional equation 



^9''(a+ + A+) 
for all X e nl^^\X). 



(A)e 



27Tiuj{ri,X) 7TH{a+ ,X+)+^H(X+ ,X+) 



^9''(a+) 



(6.21) 



Remark 6.1. The form {H — B) restricted to V-^ x V-^ is symmetric. Indeed, the first term 
in equation ( |6.14b| ) is obviously symmetric. For u and v from a Lagrangian subspace we have 
= u;(n, v) = uj{u2, w^)+u;(u^, V2), which shows that the second term in ( p.l4b| ) is also symmetric. 
From (|6.14b|) it also follows that it vanishes on Vu and the R,e{H — B)\y+^y+ is positive definite 
on the complement of V12 inside Vi . In the theory of theta functions the quadratic form {H — B) 
restricted to the finite dimensional space := 



T{vt):=-{H-B)ivt,vt) for v,eT^, 



(6.22) 



is known as the complex period matrix. 



Proof of the theorem. The proof is a straightforward calculation. First we represent a closed {2i + 
l)-form with integral periods A as A = Ai + A2 where Ai G Vi and A2 G V2 fl ^^'^^ ■ This 
decomposition is not unique. Any two decompositions are related by adding an exact form from 
V2. As one will see the result of the calculation does not depend on a particular choice of such a 
decomposition. We shift the integration variable R^ R^ X\. 

^9''(a+ + A+) = exp ~{E - B)(r]+, r]+) + ^B{a+ + A+, a+ + A+) - 7r{H - B){a+ + A+, r/+ 



X 



^R exp 



V1/V12 



TT 



-{H-B)iR^,R^] 



TT 



-{H - B)iXt, A+) - niH - 5)(A+, R' 



+ Tr{H - B){a^ + /2+ + A^) + 7i{H - 5)(A+, i?+ + A^" 
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To obtain this expression we used the fact that [H — B) restricted to a lagrangian subspace Vi' 
is symmetric. One sees that the terms containing and A"*" cancel. So we can rewrite this 
expression as 



^9''(a+ + A+) = r (a+) exp '^H{\+, A+) + TiH{a+, A+) 



X exp 



TT 



{H - i?)(A+, A+) - 7r{H - B){X+, r/+) + 7r{H - B){r^+, X' 



To obtain this expression we used the fact that {H — B)\y+^y+ = 0. Now since B is symmetric it 
cancels in the last two terms in the second line. Using the formula H{u~^, f +) = g{u, v) + iuj{u, v) 
and ( |6.15| ) one finds that ( |6.20| ) satisfies the functional equation ( [6.211 ). □ 

Corollary 6.1. The partition function 2i^i(a"*", a~; S) is 

Z%a+, a-; S) = e^'^"(«"''^+)r+"(^*'^)(a+) (6.23) 
where e G ^f~^^{X) is defined in (|6.19| ). 

Remark 6.2. Note that a{A,,T,) is a singular differential form, so the term in (|6.20|) which is 
quadratic in f] requires regularization. 

Theorem 6.2. The functional integral ( ICTI) for 7], a E Jf'^'^+^{X) is equal to J\fg'd['?il] (a+) 
where Mg is an important metric dependent factor coming from the integration over the exact 



forms in ( |6.2CI| ), and 'd 



(a"*") is the canonical theta function on the finite dimensional torus 



d [%] (a+) = exp -^{H - B){vt, vt) + 



n{H-B){a+,r]+) 



X exp^--{H - B){R+,R+) + n{H - B){a+ +7]+,R+)^. (6.24) 

Rer'l-rii 



Here ?7 = ?7i + ?72 according to the Lagrangian decomposition of the space of harmonic forms 



Quantum equation of motion. The infinitesimal version of the Gauss law ( [5. 311 ) for R = do 
yields the differential equation on Z 



d{DaZi^i)ia; S) = -27n F(i) - <5(E) 



Zi i(a; E). 



(6.25) 



Now we can apply this equation to the partition function ( |6.23| ) restricted to the real slice in the 
space of complexified gauge fields: (a"*")* = a~ . Taking into account that Z is a holomorphic 
section, D^Z = we obtain the following 
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Theorem 6.3 (Quantum equation of motion). The infinitesimal Gauss law yields the quantum 
equation of motion 

{dT-{R-e-a))^^^ = 5{T)-F{A) (6.26) 
where jF~(a) := — z *^ for any a G VL^^^^{X), a = a{A; S) is defined in ( |5.28|) . {0{R)) ^ ^ ^ 



IS 



the normalized correlation function defined as the ratio of the Euclidean functional integral ( |6.20| ) 
with the insertion of 0{R) and the same integral without the insertion. 



Proof. From ( |6.14a|) it follows that {H — B){a^, 6+) = 2iuj{a, T {b)). A straightforward calcula- 
tion yields 



1 



D+Z"(a+, a"; S) = u;{5a, {J^~{R -e- a))^ ^) + uj{5 



a Aa 



-a-). 



27rz 

Now if we restrict it to the real slice (a"*")* = a~ the last term disappears. To obtain ( |6.2(: ) 
one needs to substitute 5a = da into the equation above, integrate by parts and compare with 

(iHD- 



□ 



Remark 6.3. Suppose that we have chosen another complementary Lagrangian subspace T'j^ so 
that r'/* © is a decomposition for the lattice F'*. The Lagrangian decompositions r[ © F2 and 
Fi © F2 are related by a linear transformation / : F^ — > F2 satisfying 



^^(/(^i), Ml) + uj{vi, /(mi)) = 0. 



(6.27) 



The function uj{f{Xi), Ai) mod 2 is a linear function on the lattice Fj. Thus there exists a vector 
Wf representing the equivalence class [wf] G r2/2r2 such that 



u{wf,\i) = uj{f{Xi),\i) mod 2. 
The theta functions ( |6.24|) corresponding to lagrangian decompositions are related by 



£1 

£2 + ^U,f 



(6.28) 



(6.29) 



The partition function in a simple case. In this paragraph we describe the properties of the 
partition function of a pure self-dual field, meaning that it couples neither to external gauge field 
nor to sources. To motivate the construction consider first the chiral scalar in two dimensions. 
Recall that the chiral scalar is isomorphic to a chiral Weyl fermion. It is a section of a spin bundle 
5*0-. To define the spin bundle globally one needs to choose a spin structure, a. The spin 
structure is usually not unique. The space of spin structures is an affine space with translation 
group H^{X] Z/2). One can think of this group as the space of isomorphism classes of topologically 
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trivial line bundles with flat connection specifled by a G iJ^(X;Z/2). The group acts by 

Now we choose a spin structure and couple the fermion to the external U{1) gauge fleld A. 
This means that we are given a trivial line bundle C with connection, and the fermion is a section 
of S„ ^ C We want now to turn off the gauge fleld. The surprising fact is that there are several 
ways to do it: one can either put the gauge fleld to zero and get back the fermion in S^, or one 
can put y4 to be a flat connection specifled by a G H^{X; Z/2), in this case one gets a fermion 
living in S„+a- 

Let us go back to our initial problem. We are given a partition function of the self-dual fleld 
coupled to an external U{1) gauge fleld [A]. We would like now to turn it off. There are several 
ways to do it corresponding to different choices of QRIF with values in {±1}. 

So we assume that the characteristic class /i of the QRIF vanishes and there are no Wilson 
surfaces. In this case the tadpole constraint (|5.27| ) says that A is topologically trivial, [A] = [A]. 
For our purpose it is enough to consider only flat gauge flelds, so dA = 0. In addition we put 
a = A — A, to zero. In this case the Gauss law ( |5.31| ) takes the form 

for any R G ^l'^~^^{X). The only parameter we are left to play with is the holonomy of the base 
point: [A,] G Q,f~^^{X)/^l^~^^{X). To flx it we require that the quadratic reflnement 



take values in {±1}. The space of such QRIF's can be parameterized by [e] G fiit^'^/fi^^'*'^' 

2"' 

n,{R) := firmer, (i?)e2"^"(^'^\ (6.30) 
From Corollary |6.1| and Theorem we obtain the following 

Theorem 6.4. The set of partition functions for apure self- dual field forms a torsor forVt^l^^ /Vl^^^ . 
The basis can be chosen as 

Z[%]=e~'^'^^''^'^^ [ S>Rexp\--{H -B){R+,R+) + 27iiu{e2,R)\ (6.31) 

where [ei] G |ri/ri, [^2] G |r2/r2, we integrate over all forms in Vi2{ei) modulo exact forms in 
V2 and 

Vuiei) = {Re nl'+\X) I [R + ei]DR G fi}. (6.32) 



Remark 6.4. From (|6.31| ) one obtains that ei has interpretation of the half-integral shift in the 
flux quantization condition while 62 is the topological theta angle. 
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6.3 Normalization 



In this section we discuss some properties of the metric dependent normahzation factor Mg which 
appeared in Theorem |6.2| . We present a calculation which fixes HA/'glP- 

The partition function Z{a] S) restricted to Pgg = Vt^J^^ /Vt^^^ defines an element of the finite 
dimensional Hilbert space Ti''". One can normalize the wave function, \\Z\\^ = 1, with respect to 
the inner product in Ti'^'^ and in this way fix the norm square of A/'g. 

It is clear that jVg does not depend on the source S. So to simplify the calculation we put it 
zero, and assume that the characteristic class of the QRIF /i = 0. In this case we can choose the 



base point A, = 0. This means that (j{A,) = and a = A — A, is a closed form. In Theorem ^ 
we introduced a normalization factor A/'g. This must be regarded as a section of a Hermitian line 
bundle =Sf over the space of metrics. The norm on the Hilbert space is just the L^-norm on 

WZWh := f ^a\\Z{a)f (6.33) 

where the second set of 11 ■ IP denotes the norm on 



From Theorem and Corollary |6.1| we learn that the partition function restricted to the real 
slice a~ = (a^)* can be written as 

2 ] (a) = jV" e"*'^'^^^^'^^^ g-f (H--B)(R+-a+,_R+-a+)+27ria;(a2+£2,-R)+«7rcj(ai,a2) (6 34) 

where a is a harmonic form, a = Oi + 02 according to the Lagrangian decomposition = F5^©F2. 

To calculate the norm (|6.33| ) we need to fix a gauge in this functional integral. This can be 
done by using equation ( p.ll|) . By evaluating the Gaussian integral and solving the equation 
||Z||^2 = 1 for Afg one finds 



iiA/; 



21 

^;^n[^." det'(L^dtd|,.(,),,^,0]^"'^^ 



-1/2 

(6.35) 



where r is the complex period matrix defined by (|6.22| ) (and in appendix is the volume of 

the torus of harmonic p-forms Jif^/Jif^ defined by ( |(J.9| ). 

From equation ( |6.35| ) it follows that A/'g is some kind of square root of the right hand side 



of ( 6.35| ). We now conjecture that there is a very natural squareroot provided we view A/'g as a 



section of some determinant line bundle. We expect that we should set 

2e 

det(Imr)-i JJfV^-^ det' {L^Sd\n.ix)nimd^)Y~'^'' = II detP||^ (6.36) 



p=0 
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where the right hand side is the Quillen norm of a section det V of some determinant hne bundle 
DET(D) over the space of metrics on X. In the case of the chiral scalar detP = det 9. Here one 
can check that indeed on a two dimensional torus with metric ds^ = —Ida^ — rdcr^P the integral 
over exact forms in (|6.2CI|) equals 1/t]{t). This is consistent with ( |6.36| ) for i = 0. So we conjecture 
that this will continue to be true for i > 0. 



7 Action and equations of motion 



The action for the self-dual field is essentially the complex period matrix ( |6.22| ) extended from the 
cohomology to the space of closed forms. The purpose of this section is to describe this extension. 



7.1 Classical action 



First we need to extend the definition of the complex period matrix ( |6.22 ) defined on the coho- 
mology to the infinite dimensional symplectic vector space Vr = ft^^^^. 



{X, qe) = Riemannian manifold. Following the discussion in section |6]^ we choose an orthog- 
onal coordinate system on Vr to be V2 © where V2 is a Lagrangian subspace and = *eV2 is 
its orthogonal complement with respect to the Hodge metric. From the positivity of qe H follows 
that V2 n = {0}. Recall that the Hodge complex structure is compatible with the symplectic 

structure, thus Vm = V2 © is a Lagrangian decomposition. So 
any form f G can be uniquely written in the form v = V2 + V2 
for some V2 G V2 and G V^^. 

Let Vi be another Lagrangian subspace. A choice of Lagrangian 
decomposition F = Fi © r2 of the cohomology F = H'^^^{X) de- 
fines a canonical choice of Vi. However we postpone this discussion 
till the next paragraph. Now any element R from the Lagrangian 
subspace Vi can be written as 



R2 < 










R2 



R — R2 + Ro 



(7.1) 



where R2 and R2 are not independent but related by some linear function (see the figure). From 
( |6.14b|) it follows that the Euclidean action is 



Se{R^ 



TV 



X 



{R^ A *eR2 



iR2 A R^) . 



(7.2) 
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(M, g) = Lorentzian manifold. The action in the Lorentzian signature can obtained from (|77 
by Wick rotation: 

Sl{R):=u I {Rj A*R^ + R2AR^). (7.3) 

This action depends on a choice of Lagrangian subspace V2. For a Riemannian manifold a choice 
of V2 automatically defines the Lagrangian decomposition = V2 © *eV2- For a Lorentzian 
manifold this is not true, and we need to constrain the choice of V2 by the requirement 

V2 n *V2 = {0}. (7.4) 

In principle, V2 can be an arbitrary Lagrangian subspace satisfying the constraint (7.4). Recall 



that on any Lorentzian manifold M there exists a nowhere vanishing timelike vector field ^. It 
can be used to define a Lagrangian subspace V2 C Q'^^~^^{M): 

^2(0 -.= {00 e Q^^+\M) \^uj = 0}. 

A choice of Lagrangian subspace Vi. The symplectic form u; on defines a symplectic form 
on the DeRham cohomology F = H'^^^{M). In turn, a choice of Lagrangian subspace V2 C Mr 
defines a Lagrangian subspace F2 C F. We choose Fi to be an arbitrary complementary Lagrangian 
subspace, so F = Fi © F2. Choose a subspace Vi gVu to consists of all closed 2i + 1-forms whose 
DeRham cohomology class lies in Fi: 

V, = {Re nr\M) I [R]dr e Fi}. (7.5) 

Vi defined by ( |7.5| ) is a Lagrangian subspace of f2^^"'"^(M) (see Lemma ^ri]for proof). 



Equations of motion. The variational problem for the action ( |7.3| ) is summarized by the 
following theorem: 

Theorem 7.1. Let Vi G Vk be a Lagrangian subspace defined by (|7.5|) , and let i? G Vi be a closed 
form. Then the action 

Sl{R) = 71 [ {R^A *R^ + R2A R^) (7.6) 

has the following properties: 

a. Variation with respect to R ^ R + d6c where 6c G Q'^p^{M) is 

5Sl{R) = -2% [ 5cA d{*R^ - R2). (7.7a) 

J M 
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b. Stationary points of the action are the solutions of equations: 



Bianchi identity: d{R2 + -R^) = (7- 7b) 

equation of motion: d(*R2 — R2) = 0. (7-7c) 



c. From ( [7.7b| ) and ( |7. 7c| ) it follows that the following anti-self dual form is closed: 

:= + *R^, dJ^^{R) = 0. (7.7d) 



d. The variation ( [7.7a|) can be written as 

6Sl{R) = -2it [ 5cAdJ^^{R). (7.7e) 

Proof. The variation of the action is 

SSl = 7i [ {2SR^ A *R^ + SR2 AR2+R2A 5R^) . 

The variations SR2 and 6R2 are not independent but come from the variation 6R. R is an element 
of Lagrangian subspace and thus so must be i? + SR: 

= uj{SR, R)= [ {6R2 AR2+ SR^ A R2) . (7.8) 

Using this constraint one easily finds that the variation of the action is 

5Sr=27r I 5R^ AUR^ - Ro). 



Notice that the expression in the brackets is in the Lagrangian subspace V2. Thus we can substitute 
5R instead of SR^: 

5Sl = 2n [ 5RA{*Ri - R2). 
Jm 

Recall that we must vary R within a fixed cohomology class, so 6R = dSc where So G f2^pj(M): 

5Sl = -2% I 5c A d{*R^ - R2) -271 f 5c A d{R^ + *R^) = -2n f 5c A dJ^+ . (7.9) 
J M Jm ^ V ' Jm 

Note that jF+(i?) is automatically self dual. Since 5c is an arbitrary 2£-form it immediately follows 
that dj^+ = 0. □ 
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Remark 7.1. The action for anti self- dual field can he obtained from ( |7.6| ) hy changing the sign 
of the second term. 

Theorem 7.2. An arbitrary closed self dual form JF+ can he written in form jF+(i2) for some 
ReVi. 

Proof. A closed self-dual form defines the self-dual DeRham cohomology class [J-'^]dr ^ ^'^^^{M). 
If this DeRham cohomology class is zero then JF+ is an exact form, and we can take R = JF+ g Vi. 
If [J^~^]dr 7^ then we choose a self-dual representative a"*" of this cohomology class. Then JF+ — 
is the self-dual exact form. From the constraint V2 fl *V2 = {0} it follows that r2 fl [*r2] = [0] 
in the DeRham cohomology. Thus the class can be written as 02 + *tt2 for some representative 
0^2 of the cohomology class [^2] G r2. From the fact that Fi and F2 are complementary Lagrangian 
subspaces it follows that the class [*a2] can be obtained by the orthogonal projection from some 
class [tti] G Fl. So choose an arbitrary representative ai of the class [ai] and consider R = 
ai + — By the construction R is in Vi and J-'~^{R) = □ 



Gauge symmetries. The action (|7.6| ) in addition to the standard gauge symmetry C 1— > C + 
uj where u is closed 2£-form with integral periods has an extra gauge symmetry. Indeed, the 
functional Sl{R) vanishes on the Lagrangian subspace V2. The Lagrangian subspaces Vi and V2 
have non-zero intersection which we denote by 

V12 := VinV2 = {exact forms in V2}. (7.10) 

For any R G Vi and Vu G V^f* (compactly supported forms in V12) it follows that 

Sl{R + V12) = Sl{R) + Sl{vu) = Sl{R). (7.11) 

This properties can be summarized by the following theorem: 



Theorem 7.3. The action (|7.6|) has two types of gauge symmetries: 

a. It manifestly invariant with respect C ^ C + u where uj G VL^{M). 

b. It is invariant under a shift R^ R + V12 where f 12 G (Vi fl V2)cpt- 

Sl{R + vu) = Sl{R). (7.12) 
The anti self- dual field ( [7.7d| ) does not depend on V12: 

T^{R + vi2)=T^{R). (7.13) 

From this theorem it follows that the gauge symmetry R ^ R + V12 does not affect classical 
equations. However this extra gauge symmetry has to be taken into account in the quantum 
theory. 
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Coupling to the sources. One can use Theorem |6.1| to write a coupling of the self-dual field 
to a brane. 



Theorem 7.4. Let be a topologically trivial 2i-cycle on M (it might have several connected 
components). The differential character is topologically trivial and is represented by a (sin- 

gular) {2i + l)-form ae[a]e n^^+\M)/nl^+\M): da = The action for the self- dual field 

coupled to the brane is 

Sl{R):=ti j {Ri A *R2 + R2 A R^) + 27r i?^ A (*(T^ - as). (7.14) 
Jm Jm 

The variation of the action with respect to R ^ R + dSc for 6c G Q'^p^{M) is 

5SL{R) = 2n I 5cA[5{T)-dT+{R + a)\. (7.15) 

J M 

Remark 7.2. The equations of motion can be written as 

dR = 0, dJ^+{R + a) = 5(S) for ReVi and [a] = [5(S)]. (7.16) 

Remark 7.3. The condition [a] = [5(S)] fixes only an equivalence class [a] E f2^^+^(M)/f2^^"''^(M) 
but not a itself. The action ( [7. 14] ) depends on a choice of a representative o of \o\. However the 



partition function ( |6.20| ) does not depend on such a choice. 



Proof. The action (|7. 14| ) can be directly obtained from Theorem |6.1| and Corollary |6]l| by setting 



A = 0. Using the result of Theorem |7!j one finds 

5Sl{R) = -2tx [ 6cA dT+{R) + 2-K I 5R^ A {*a^ - cts)- 

The term in the brackets lies in the Lagrangian subspace V2 thus we can change SR2 to SR = dSc. 
Integrating by parts and using that da = 5(S) and jF+(i?) := i?^ + one arrives at equation 



7.2 Examples 

In this section we consider two examples: a chiral scalar field on M^'^ and a self-dual field on a 
production manifold M = x N where is compact 4£ -|- 1-manifold. 
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7.2.1 Chiral scalar on R^. 



Consider a Lorentzian manifold M = equipped with the metric ds^ = e^'^^^'^\—dt^ + dx^). 
Choose the Lagrangian subspace V2 as 



V2 = {dtiUt{x,t)} 



V2 = {dxujx{x,t)}. 



(7.17) 



The Lagrangian subspace Vi is just the space of all exact 1-forms Ql^^^^{M). So i? G V^i decomposes 
as 

R = dxR^ + dtRt. (7.18) 



R2 



The action (|7.6|) takes the form 



Sl{R) = tt / dtdxR^{R^ + Rt). 



Now for R = dd) the action becomes 



Sr 



TT / dtdx 



{dAf + {d^ct>){dt<i>) 



This action for the chiral scalar has been proposed before 0. The equation of motion is 

{d, + dt)d^ct> = 0. 



(7.19) 



(7.20) 



Thus the general solution is 4>{x,t) = f(t) + 0l(x — t). It seems that we get an extra degree of 
freedom represented by an arbitrary function of time f{t). However the anti self-dual field JF+ 
depends only on ^^(x — t). Indeed, substituting the solution to equation ( |7.7d| ) one finds 



:r+(0) = {dx - dt)(j)'L{x - 1) 



(7.21) 



where (p'j^ denotes the derivative of 0l with respect to the argument. 

The extra degree of freedom f{t) is the gauge degree of freedom ( |7.12| ), and it can be removed 
by the gauge transformation R R — df{t) where —df{t) G Vi fl V2. 
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7.2.2 Action for self-dual field on a product manifold 



Not every (4£ + 2)-manifold M admits a smooth Lorentzian 
metric^'^. However if M is a product manifold say M x 
then there exists a nowhere vanishing vector field, and thus 
M admits a Lorentzian metric. It is convenient to think of 
M = M X as a topologically trivial fibration M over M 
with fiber N . 

On M there is a canonical nowhere vanishing vector field 
d/dt. To lift it to M we need to choose a connection on 
M. A connection 6 is a globally well defined 1-form on M 
with values in the Lie algebra of Diff^(A), i.e. O G r2^(M; Vect(A)). A choice of Riemannian 
metric Qn on N and Lorentzian metric ds"^ = —p^dt^ on M defines a Lorentzian metric on M 




-p^de + g^iQ^Q). 



(7.22a) 



In local coordinates (t, x*) the connection 9 can be written as 

d 



e = {dx' - Cdt) 



and the metric takes the familiar form 



(7.22b) 



dsij = -p'dr + {gN)ijidx' - Cdt){dx^ - i^dt). 



(7.22c) 



In general relativity p is usually called lapse and the shift. 
The vector field d/dt on M lifts to a vector field o\i M: 



(7.23) 



The connection defines a decomposition of tangent bundle T^M on horizontal and vertical vector 
fields. This decomposition is the orthogonal decomposition in the metric (|7.22a]) . 



Decomposition of forms. An orthogonal projector onto the space of horizontal vectors is 
defined by 



piv) ■■= e 



M 



^Mdt{r]). 



M 



^^Recall that oriented manifold M admits a Lorentzian metric if and only if there exists a nowhere vanishing 
vector field. 
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The dual projector P* := dt ® z^^^ defines a decomposition of tlie differential forms onto vertical 
and horizontal: 

r]2^+i(M) = p*^]'^+^(M) © (1 - p*)^]2^+l(M) . (7.24) 



horizontal vertical 



Since M is a product manifold there is another decomposition of 

f]2^+i(M) = fi2^+i(iV) ® © fi2^(iV) © fii(M). (7.25) 
These two decomposition are related in the following way 

R = R + dtARo = {R-dtA i^R) +dtA {Rq + i^R) . (7.26) 

^ V ' ^ v ' 

vertical horizontal 

The Hodge *m exchanges the vertical and horizontal forms 



HI 



R = -pdtA *nR + {-p~^ *n {Ro + hR) + dt a ii:[p-^ *n {Rq + hR)] } (7.27) 



horizontal vertical 



Lagrangian subspaces. We choose a Lagrangian subspace V2 = Q'^^{N) © Q\R). Notice that 
it coincides with the space of horizontal 2i + 1-forms, thus *mV2 = {vertical forms}. 
The DeRham cohomology decomposes as 



Hf^'^iM) = Hj^^^N) © HUN). (7.28) 

A choice of Lagrangian subspace V2 yields a choice for r2 = H'^^{N). Choose Fi = H'^^^^{N). 
Now the Lagrangian subspace Vi is defined by 

V, = {Re nl'+\M) I [R]nR e Hl'^\N)}. (7.29) 

Action. Given a form R we can write it as in ( |7.26| ) 

R = {R-dtA ii-R) + dtA {Rq + i^R) . (7.30) 

" v ' ^ v ' 

R2 

Now substituting this decomposition into the action (|7.3| ) and using (|7.27|) one finds 

Sl{R)=tx I dt I [pRA*nR+{.Ro + hR)^R]- (7-31) 
J n 



Gauge symmetry. The action ( [7. 311 ) has an extra gauge symmetry ( |7.12D : 



V^2 = ^1 n 1/2 = {dt A (c - d^vco) I c G ^f^{N) © fi°(M) and Cq G ^^^-^(A^) © fi^(M)}. (7.32) 
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Equations of motion. The equation of motion ( |7.7c| ) take tlie form 



dN[p *N R + Ro + ^g-R] = 0, or using Bianclii identity R = dN^p *n R — i^R)- (7.33) 

Let a be a time-independent 2i + 1-form on representing the DeRham cohomology class of 
[R]dr G Fi. i? can be written as 

R = a + djqc + dt A {c — d^co). 

Substituting this to ( [7.33|) one finds 

dN[c — p *N + dj^c) + i^{a + ^atc)] = 0. (7.34) 

Notice that arbitrary (t-dependent) closed 2£-form solves this equation. This set of solution 
corresponds to the gauge degrees of freedom containing in ( [7.32| ). One should not worry about 
this set of solutions because they are projected out from the expression for the self-dual field: 

:F^=R-dtA[p*^R- ^R] |^^^^,^^_ . (7.35) 
7.3 Comparison with Henneaux-Teitelboim action 

In this section we compare with the previous work of Henneaux and Teitelboim. We begin by 
reviewing briefiy their work |^. 

Henneaux-Teitelboim action. Let M = M x be a product manifold equipped with the 
Lorentzian metric (|7.22c| ). Consider a closed 2£ + 1-form F on M (locally F = dC). It can be 



decomposed as in ( |7.26D 

F = dtAFo + F, d^F = and P = dj^Fo. (7.36) 

The equation of motion for F is the self-duality constraint. The self-duality constraint *mF = F 
is equivalent to 

p*N F + Fo + i^F = 0. (7.37) 
The action of Henneaux and Teitelboim can be summarized by the following two theorems: 

Theorem 7.5. The action 

Sht{F) := [ dt [ [pF A *nF + (Fq + i(F) A F] (7.38) 

for the closed 2i + 1-form F = dt A Fq + F has the following properties: 
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1. it is manifestly invariant under C ^-^ C + cu where cu E ^l'^~^^{M). 

2. the variation of the action under F F + d^dc + dt A {6c — c/tv^Cq) is 

SSht = -2 / dt / 6cAdN[p*NF + Fo + %F] . (7.39) 

Here 6c and 6co are t- dependent 2i- and (21 — 1) -forms on N with compact support. 

3. it has an additional gauge symmetry Fq t— > Fq + A — d^Xo where X is a closed t-dependent 
2i-from on N with compact support, and Xq is an arbitrary t-dependent [21 — l)-from on N. 



Theorem 7.6. A family of closed forms 



A,Ao 



F + dtA{Fo + X- djvAo 



(7.40) 



where X E ilf^{N) ® r2°(]R) and Aq E ""^(A^) contains a self- dual form = Fx*^x* ^f (^i^d only 
^f 

dN[p*NF + F^ + ii.F]={], (7.41) 
i.e. iff the family F^ is an extremum of the action (|7.38|) . 



The idea of the proof is as follows ^J] . If F is closed and self-dual then because of equation 
( [7. 371) it satisfies ( |7.41|) . The converse goes as follows: If ( |7.41| ) is satisfied then 



F + FQ + ii:F = uj2i{t) 

where UJ21 is a closed t-dependent 2£-form on A^. Using the Riemannian metric on N we can 
decompose 0021 on harmonic and exact parts uj2i = ^^2ii^) + dNC(2e-iit). Now choose 

A-W:^/'.*'4,(0 and A;(*, :^ 
The form F^* is self-dual. 



Comparison of the two actions. By comparing expressions ( [7. 38]) and ( [7.31|) one finds that 
modulo a change of notation they are identical. However there is an important difference: in the 
Henneaux-Teitelboim approach one tries to get a self-duality constraint from the variation of the 
action. By contrast, in our approach we get a condition that a certain self-dual form is closed. 
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8 Dependence on metric 



Let us recall the general strategy in geometric quantization of Chern-Simons theories. The parti- 
tion function is a covariantly constant section of the vector bundle Tij" T: 

(VjZ)(A+,A-J) = 0. (8.1) 

A change of polarization can be interpreted as a change of creation/annihilation operators cor- 
responding to a Bogoliubov transformation. Thus, a change of complex structure can be com- 
pensated by a Bogoliubov transformation. The Bogoliubov transformation is implemented by a 
quadratic exponential, and infinitesimally it is represented by second order differential operator: 

VY = 6Y~{...)D-D^ and Vf = 6Y. 

In our case the complex structure is determined by the Hodge metric: J = —*e- Thus eq. ( |2.4| ) 
implies that the metric gx couples only to JF+, the self-dual part of C. 

A trick with metric variation. In this section we study dependance of the action on the 
choice of metric g. In particular we need to calculate the variation 6g{*u!k). In local coordinates 
the Hodge * is defined by 

= k\{/-k)\ ' det^^r/'^,,...^,^?''^'^^ . ■■g''"''eu,...u,a,...a,_, dx'^^ . ..dx-^-K (8.2) 

Now it is easy to see that the variation of this expression with respect to the metric consists of 
two parts which can be elegantly written as (for a metric of any signature) 

8g{.*)^k = tT{Sg~^g) *ujk + *{^gUJk) (8.3a) 

where 

^g:={Sg~'gr,dx-'Az{£,) (8.3b) 
The formula ( p.3a| ) is the main computational tool in this section. 



^^We use convention in which 



ak A */3fe = ;^ 9^'"' ■ ■ ■ 9^'"" vol(g). 
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8.1 Stress-energy tensor 



Let us recall a few facts about the stress-energy tensor of a {21+ l)-form on a (4£ + 2)-dimensional 
Lorentzian manifold {M,g). The stress-energy tensor for an unconstrained {2i + l)-form F is 



vr 



2{2£+l)\ 



{2i + l)F^ 



fj.ai...a2i-^ V 



OL\...ail 



_ p ™i...02f+l 



Working with such expressions in local coordinates proves to be cumbersome, and it is better to 
proceed in the following coordinate-independent way. This stress-energy tensor was obtained from 
the following action 



7r 



and, using ( p.3a| ) one can easily verify that 



5g''^T^,{F) Yo\{g) := ^ [i^F A *F - ^ tT{5g~^g)F A *F] . 

We will use this coordinate free expression as a working definition for the stress-energy tensor. 

The form F can be written as a sum F^ + F" of self-dual and anti self-dual forms: : 
|(F± *F). T^jj{F^) have the following expression in terms of F (see appendix ^ for derivation) 



lA) 



5g^-T,,{F^)^o\{g) = -F^M,F ^ 



igF A (*F ± F) - i tT{5g~^g) FA*F 



From here it follows that the stress-energy tensor for 2i + 1-form factorizes as 

T^,(F+ + F-) = T,UF^) + T^u{F~). 



15) 



(8.6) 



This is the reason for the existence of a chiral splitting of the normalization function ||A/'g||^ in 



8.2 Stress-energy tensor for the anti self-dual field 

In section ^ we derived the following action for the self-dual field on a Lorentzian manifold (M, g): 



Sl{R) = vr / {R^ A + i?2 A R^) 

J M 



(8.7) 



where i? is a closed form belonging to the Lagrangian subspace Vi C f2^^+^(M) and R = R2 + R2 
according to the Lagrangian decomposition n^^+\M) = I/2 © Il{V2), h ■= *g- 
In this section we prove the following theorem 
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Theorem 8.1. The variation of the action (|8.7|) with respect to the metric is 

6gSLiR) = ^ [ J'^AU^+)= [ 5(?^%,(.F+)vo%) (8.8) 

where J-"^ := + the operator is defined in ( |8.3b| ), and the stress- energy tensor T^y{T^) 
is defined by ( p.5|) for F = 2/?^. The derivation of ( |8.8|) relies only on the fact that V2 is a 
Lagrangian suhspace, and that the suhspace Vi does not depend on a choice of metric. 

Proof. First notice that the coordinates R2 and i?^ change when we vary the metric (see figure 

on the left): 

{) = SgR = 5gR2 + 5gR^. (8.9) 
Moreover from G V2 it follows that 5g(*i?^) G V2 and thus 




5gR^ + *5g{*)Ri G V2^. 



LIO) 



The variation of the action is 



5gSL{R) = vr / 25R^ A *R^ + R^ A 5g(*)i?2 - '^9^2 A R2 - Rt A SgR2 
Jm L 

The first and the third term in this expression vanish because according to ( |8.9| ) 6R2 G V2 and V2 
is a Lagrangian suhspace. Now using equations (|8.9| ), (|8.10| ), ( p.3a| ) and Lagrangian condition for 
V2 one finds: 



6gSL{R) = 71 / 6g{*)Ri A {*Ri + R^ 
Jm 



M 



igR^ A {*R^ + R^) - - tT{6g~'g) R^ A *R^ 



iS.U] 



After identifying F = 2i?^ this expression coincides with the expression for the stress-energy 
tensor (18.51) of the anti-self dual field 

□ 



8.3 DifFeomorphism invariance of the action 

The group of diffeomorphisms Diff^(M) of an oriented manifold M has a normal subgroup 
Diff(|'(M) consisting of the diffeomorphisms which can be smoothly deformed to the identity. The 
discrete group MCG(M) = Diff''~(M)/Diff(]"(M) is known as a mapping class group of M. Note 
that any diffeomorphism / G Diff^(M) from the connected component of the identity preserves 
the Lagrangian subspace Vi. /*(Vi) = Vi. 
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Lemma 8.1. The action ( [7.31| ) is invariant under action o/Diff^(M). The classical stress- energy 
tensor T^^{J-'~^) is conserved for solutions of the equations of motion. 

Proof. Let 77 be a vector field on M with a compact support, then the variation of the action is 
6r,S{R) = 71 I {25^R^ A + A + 5,,i?2 A R^ + R2 A 5^R^) . 

J M 

The variation 5,,-R2 consists of two terms: the first comes from the variation oi R^ R + L^jR and 
the second comes from the variation of the metric (^^j^ 1-^ g^^, + {L^g)^,^. The first variation is just 
the variation ( [7.9| ) with So = i^jR. The second variation is equal to ( p. 81 ) with Sg^'^ = W^^rj'^^ where 



denotes the Levi-Civita covariant derivative. Thus we obtain 

5r,S{R) = 2'K f i^RAdJ^+iR)+ [ vol(^)VV^M^(-^^)- (8-12) 
Jm Jai 

From these equation it follows that, using the equations of motion V''T^j/(JF+) = 0. □ 

Of course, quantum mechanically there is a gravitational anomaly. Understanding this fully is 
part of the understanding of the factor Ag. 
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A Differential cocycles and cohomology 

From ||29| page 9. 



Differential cocycle. For a manifold X the category of differential n-cocycles, Ti.^{X) is the 
category whose objects are triples 

{c,h,uj) C C"(X;Z) X C"-^(X;R) x 

satisfying (the cocycle condition) 

d{c, h, u) := ((5c, LU — c — 6h, duj) = 0. (A.l) 

The set of these cocycles is denoted Z'^iX). Note that d'^ = 0. Here C"(X; Z) and C"-^(X; M) are 
n-cochains and (n — l)-cochains with integral and real coefficients respectively; Q^{X) denotes the 
space of n-forms on X. A morphism from (ci, hi,uJi) to (c2, /i2,i^2) is defined by an equivalence 
class of pairs 

{b, k, 0) G C"~i(X; Z) X R) 

with the action 

(ci, hi, ui) = (c2, /i2, ^12) + d{b, k, 0). (A.2) 
The equivalence relation on (6, k) is generated by 

{b,k,0) {b,k,0) - d{a,k',0). (A.3) 

The set of isomorphism classes of objects in the category Ti.^{X) is the Cheeger-Simons coho- 
mology group f{^{X). 

Integral Wu-structures Let p : E ^ S he a. smooth map, and fix a cocycle u G Z'^^{E; Z/2) 
representing the Wu-class V2k of the relative normal bundle. A differential integral Wu-structure 
of degree 2k on E / S is a differential cocycle 

A = (c,/i,u;) G Z^^{E) 

with the property that c = v mod 2. 
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Category of shifted differential cocycles. Let M be a manifold, 

V e Z'^\M;R/Z) 

a smooth cocycle, and 2/c > an integer. The category of u-twisted differential 2k-cocycles, 
n^^M), is the category whose objects are triples 

satisfying 

c = v mod Z and (i(c, /i, uj) = 0. (A. 4) 

A morphism from (ci, /iijC^i) to (c2, h2,uj2) is an equivalence class of pairs 

(6, A;) e C^''-\M]Z) X C2'=-2(M;M) 

satisfying (c2, h2, UJ2) = (ci, /^i, c^^i) + d{b, k, 0). The equivalence relation is generated by 

{b, k) {b- 5a, k + 5k' + a). 

B Theta function 



This appendix summarizes several chapters from [42 



Line bundles over a complex torus. Let Mr denotes a real vector space of dimension 2g and A 
a lattice inside Vr. The lattice A is a discrete subgroup of Vk of rank 2g. It acts on by addition. 
Choose a complex structure J and define a complex vector space by Vk ® C = V'^ © This 
decomposition defines the embedding A+ of the lattice A into V~^. The quotient T = V~^/A~^ is a 
complex torus. 

Denote the group of holomorphic line bundles on T by Pic(T). Each element of the Picard 
group defines a holomorphic line bundle. The Picard group is described by the following exact 
sequence 

1 ^ Pic°(T) ^ Pic(T) ^ NS(T) ^ 0. (B.l) 

Here NS(T) is called Neron-Severi group and Pic'^(T) is the connected component of 0. For T = 
/A'^ one can think of it either as M-linear real alternating forms on satisfying E{A, A) C Z 
and E{Jx, Jy) = E{x, y), or as the set of hermitian forms on with Im H{A~^, A"*") C Z. There 
is a one-to-one correspondence between hermitian forms and alternating M-bilinear forms on 
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satisfying E{Jx, Jy) = E{x, y) for x,y E Vr. Indeed, any element u of can be uniquely written 
as u = x+ := i(l — iJ)x for some x G V^. Define 

H{x+, y+) := E{Jx, y) + iE{x, y). 

It is easy to verify that H defines a hermitian form on the complex vector space . In our 
conventions if is C linear in the first argument and satisfies H{u,v) = H{v,u) for u,v E V~^. 
One can show that there are isomorphisms 

Pic°(r) = Hom(A,t/(l)) and Pic(r) = P(A) (B.2) 

where P(A) is the set of pairs {H,x) where H G NS(T) and x is a semicharacter for H. A 
semicharacter for a hermitian form if is a map x : A — > satisfying 

x(A + /i)=x(A)x(/i)e-^^^'"^('''^) (B.3) 

for all A, /i G A. Now using the realization of the Picard group in terms of 'P(A) we can describe 
holomorphic line bundles over T by the factor of automorphy. Having a pair [H, x) G V{A) we 
define a canonical factor of automorphy a(_f/,x) : A x y — > C* by 

a^H,^){X+,v+) :=;^(A)e-^(''^'^^)+f^(^'''^^) (B.4) 

This map satisfies the cocycle relation 

0{/^,x)(-^^ + /^^'^'^) = «(//,x)(-^^'^^ + /^'^)«(^^,x)(/^^'^'^)• 
The cocycle defines a line bundle L{H, x) by 

i:(ii,x) = (VxC)/A (B.5) 

where A acts on \^ x C by A o {v~^,t) = {v~^ + A"*", a(/^^^)(A''', t). This means that sections of 
the line bundle L{H, x) over T are those section of the trivial line bundle over V which satisfy 
equation 

+ A+) = a^H,x) ^'") ^i^^) 
One can prove that for every line bundle L over T there is a unique pair {H, x) such that L ~ 
L{H,x). 
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Characteristics. Recall that if is a hermitian form on V whose alternating form E = ImH 
is integral valued on the lattice A. The alternating form E defines a symplectic structure on the 
vector space V. To construct a section of the line bundle L{H, x) we have to choose a Lagrangian 
decomposition of V: 

V = Vi® V2. (B.6) 

The Lagrangian decomposition of V must be such that (Vi fl A) © (V2 fl A) is a Lagrangian 
decomposition of A. 

Such a decomposition leads to an explicit description of all line bundles L in Pic^(T). For this 
we define a map xo '■ V ^ hj 

Xo{v) = e'^^^''''"'^ (B.7) 
where v = Vi + V2 with vi G Vi and f2 G V2. The map Xo satisfies equation 

X0{U + V)= Xoiu)xoiv) e'"''^"'"^ ^-2mE{u2,vr) _ 

Thus Xol^ is a semicharacter for H. Let Lq = L{H,xo) denote the corresponding line bundle. 
Thus the decomposition V = Vi (B V2 distinguishes a line bundle Lq in Pic^(T). For every line 
bundle L = L{H, x) there is a point c & V uniquely determined up to translation by an element 
of A(L), such that L ~ t^Lo or equivalently x = Xo e^'^*'^*-'^''-'. Here A(L) is a discrete subset of V 
defined by 

A{L) = {v eV\E{v,X) CZ,\/Xe A}. (B.9) 

The line bundle L is called symmetric if (— ~ L where (—1)^ is the automorphism of the 
torus T coming from the map v 1— > —v on Vk- It is easy to see that line bundle L{H, x) is symmetric 
if and only if x ^ {il}- Thus for a symmetric line bundle the characteristic c G |A(L)/A(L). 

Theta function. In this paragraph we assume that H is positive definite. Since any line bundle 
over V is trivial we can identify H^{L) with H^{Ov)^, the subspace of holomorphic functions on 
V invariant under the action of A. Recall that a line bundle L = L{H, x) is described in terms of 
canonical factor of automorphy a{H,x)- Thus H^{L) can be identified with the set of holomorphic 
functions d :V 'C satisfying 

d{v+ + A+) = a(//,x)(A+, v+) d{v+) (B.IO) 

for all V and A G A. 

To construct a theta function it is convenient to introduce a classical factor of automorphy. 
This differs from the canonical factor of automorphy and depends on the choice of Lagrangian 
decomposition V = Vi ® V2. 
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Let us recall the discussion from section |6]^ above. A choice of Lagrangian decomposition 
defines two natural real subspaces inside V~^: and V,^ respectively. Notice that each of them 
generates as a complex vector space. The hermitian form H restricted to x defines a 
real symmetric form. Denote by B its C-linear extension. The following properties of H and B 
are easy to verify 

^\V+XV+ = H\v+xV+ a'^d B\y+^y+ = H\y+^y+ " 2iE\y+^y+. (B.H) 

Note that the C-bilinear form B is completely determined by the Lagrangian subspace V2 and does 
not depend on a choice of Lagrangian subspace Vi. Moreover Iie{H — B) is positive definite on 
Vj^ . This follows since = + iV^ , a vector vi G Vi can uniquely written as vi = f^' + zf^": 

Re{H-B){vi,vi) = Re{2iE{i4',vt)-2E{v^'\vt)) = 2E{vi,vt") = 2E{ivt\vt") = 2H{v^'\v^") 

The bilinear form B enables us to introduce the classical factor of automorphy for L{H,x)- 
Define e^H,x) : A x 1/+ ^ C* by 

e^H,x)i>^,v+) := ;^(A)e-(^-^)(^'^'^^)+f (^-^)(^^'^^). (B.12) 

A simple calculation shows that 



i{H 



^^B{v++X+,v++X+) 



Therefore the classical factor of automorphy differs from the canonical factor of automorphy by a 
coboundary and hence defines an equivalent line bundle. 

The reason for introducing the classical factor of automorphy is that e(^H;x) invariant under a 
shift of lattice vector from A2, while cli^h,x) is not. Thus, with the classical factor of automorphy the 
functional equation 'f?(t>+ + = e(iy^^)(A, f ^) can be solved using Fourier transform. The 

solutions of this functional equation and ( |B.10| ) are related by the cocycle {}{v~^) = e^^^^'^''"^^'&{v~^), 
so 

:= f.~^H(v+,c+)-§ H{c+,c+)+^ B{v++c+,v++c+) ^ ^-^ (H-B){X+ ,\+)+n(H-B)(v+ +c+ ,X+) _ (^3^13^) 

AgAi 



solves ( |B.1CI| ). Note that this expression can also be rewritten as 

^c^^+^ ^ ^^Biv+,v+)+^iH-B)ic+,c+) ^ ^-^(H-B)iX+,X+]+7riH~B)iv++c+,X+)_ (B.13b) 



AeAi-ci 
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Classical theta function. Let [X^ = C^/At, H = Ht) denote the principally polarized abelian 
variety corresponding to T in the Siegel upper half space. Here Ax = Ai © A2 with Ai = TZ^ 
and A2 = Z^. This decomposition induces a decomposition = Vi © V2 where Vi = TM^ and 
V2 = and we can write every f G uniquely as f = Tv^ + v"^. 

Note that for all v,w & we have B{v,w) = v^(lmT)^^w and {H — B){v,w) = —2iv^w^. 
The classical Riemann theta function with the characteristics [ ^2 ] is defined by 

(t;,T) = ^exp[z7r(£ + c^)*T(£ + c^) + 27rz(w + c2)*(£ + ci)]. (B.14) 



From eq. ( p.l3|) it follows that the functions and [ ^2 ] are related by 

^Tc^+c2 ^ gf Biv,v)-rnc^c^ ^ ^ j X) . (B. 15) 

The classical Riemann theta function has the following properties: 

1. For every c^, G it satisfies the functional equation 

i9[^2] (^; + TAi + A2,T) = e2-('='^'-'='^')-*-^'^^'"2™Aii9[^2] (^;, T) (B.16) 
for all G O and A\ g Z^. 

2. For all c\c^ e W 



if and only if eZ^. 

3. Change of characteristic translates to 

^[f,] (i;,T) = e'"^'^^'+2"''='(''+'=')^9[[]](^; + Tc^ + c^T). (B.18) 

4. It satisfies the following heat equation: 

^(„.T) = 2«(l + i„)-^(».T) (BA9) 

Dependence on a choice of Lagrangian decomposition. Suppose we have chosen another 
Lagrangian decomposition A = A[(BA2 with the same A2. Since the C-bilinear form B is completely 
determined by V2 that theta function is 

= ^-^Hiv,c)-^Hic,c)+^Biv+c,v+c) ^ ^-^{H-B)(X',X')+n{H-B)(v+c,X')^ (B.20) 
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The Lagrangian decompositions A'^^ © A2 and Ai © A2 are related by a linear transformation 
/ : Ai ^ A2 satisfying 

i?(/(Ai),/ii) + i?(Ai,/(/ii))=0. (B.21) 
Explicitly, a lattice element A can be written in two ways A = Ai + A2 and A = A'^ + Ag where 

A'i = Ai + /(Ai) and = \, - f (\,) . (B.22) 

Further we will denote A'^ by A{. Using this representation we express the sum over A{ in terms 
Ai 

^c^, (-y) ^ ^-irH{v,c)-^ Hic,c)+^ B{v+c,v+c) ^ ^_|(H-B)(A,A)+7r(/f--B)(t;+c,A) ^-i7rE{f{\),\) ^ 

AGAi 

Consider the function -F(A) = e"*'^^^-^^^-*''**-* defined on Ai. It is easy to see that this function 
satisfies the equation 

F(Ai + ^i) = F(Ai)F(/ii) 
and thus there exist an element Wf E |A2 such that 

F(Ai) = e^"^^'"/'^!). (B.23) 

In fact, if {E^} is a basis for the Lagrangian subspace Vi and {Fj} is a dual basis for V2, then the 
map / is represented by an integral symmetric matrix f^'' and Wj = ^f^^Fj. Thus we obtain that 
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One sees that the change Ai i— > A{ corresponds to a change of the characteristic C2 ^ C2 + Wf 

C Path integral measure 

Let X be an ra-manifold. A metric gx on X defines a Hodge metric on the vector space of 
differential forms. In our conventions all forms are dimensionless. However the Hodge * operation 
is dimensionfuU: dimension of *ujp is [L]""^^. It is convenient to introduce a dimensionless norm 



\UJ. 



pWl 



:= L^P-" Up A *ujp (C.l) 



X 



where L is some parameter of dimension of length, [L]. The operator S\qp = (_i)"p+"+i ^ has 
dimension We also introduce the dimensionless Laplace operator 

:= L\dS + Sd)\nP. (C.2) 



Sometimes it is incorrectly said that it corresponds to a change of spin structure. 
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Gauge fields. Consider a gauge potential a G Q^~^^{X). Denote by Gg+i the group of gauge 
transformations a t-^ a + cj^+i where ujg+i G ^^^{X). In this paragraph we want to obtain a 
formula for 

r 

voi(6;,+i) 

Using the Hodge decomposition we can write a uniquely as 

a = a + a + dag 

Here a'' e is a harmonic form, e imcit n and a J G imci^ n This 

implies 

\\Sa\\l = WSa^Wl + WSa^Wl + (^"^, (LVrf)5a^)L (C.3) 

Thus 

It is convenient to introduce the notation 

L,■.= det'{L'd^^^^^^^^^^,). (C.5) 

The gauge group Qg+i has several connected components labelled by the harmonic forms with 
integral periods J^^~^^{X). Using the Hodge decomposition we can write 



Iq9+i{X) Vol(^g+i) J.jf'9+i(X)/.,)i'^^+'^{X) J Vol(^°^^ 

where Gg^i = ^ctact{^)/0g is the connected component of the identity of the gauge group Gg+i- 
Volume of the gauge algebra. To calculate the volume Vol(^°^|) we notice that 

Vol(^;_,i) = / = / (C.7) 



Using the Hodge decomposition we can write = + + da^_^, and thus 

. n ^ /" h f 1 1 /2 



jr9(x)/j^^f(x) ^ i Vol(^° 

The integral over the harmonic forms is a finite dimensional integral which yields the volume 
Vp := Voli(t^^/.^^) of the harmonic torus. The volume of the harmonic torus is 

1/2 



— jJ}p(2p-n)/2 



det / UJa /\ *LUi3 



X 



(C.9) 
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where bp = dim^^, and {cJq,} is an integral basis of harmonic p-forms {a = 1,. . . ,bp). Notice 
that Vp does not depend on a choice of the integral basis {ua}- 

Successively applying the formula ( p.8| ) one finds that all terms J ^aj but one cancel, and 



(_l)s-p 



(C.IO) 



p=0 



Combining this result with ( |(J.6D one finds 



Voi(6;,+i) 



D Metric variation 



detX^^rft^ 



(C.ll) 



In this appendix we present the derivation of some well known facts about the stress-energy tensor 
of the self-dual field, using the trick ( |8.3a| ). 



Formula for T^. From equation (|8.4| ) one finds 

6g>^''T,,{F^) vo\{g) = ^[F A *^gF - F A * F ± F A * F t F A ^^F]. 
Now from the identity = 6g{*{*F)) = we obtain the following equation 

= -tT{6g~'g)F + *{^g*F)+^gF 
expressing * F through C,gF. Thus 

F A*{^g* F) = -F A^gF and F A {^g * F) = tT{6g^^g)F A *F - F A *^gF. 
Substituting these equations into (p.l|) one finds 



Sg^^-'T.^iF^) vo\{g) = ^ [^gF A{*F±F)-^ tT{6g-'g)F A *F 



(D.l) 



(D.2) 



(D.3) 



(D.4) 



From this equation it follows that the stress-energy tensor for a. 2i + 1-form F is the sum of the 
stress-energy tensor for the self-dual form F~^ and the anti-self-dual form F~: 



T^,{F+ + F-) = T^.(F+) + T^.(F-). 



(D.5) 
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E Splitting of the sum over instantons 



In this appendix we spell out the splitting theorems relevant to splitting the sum over instantons 
in a theory such as that described in section 2. The splitting is in terms of a sum over "conformal 
blocks." In the present case the "conformal blocks" are theta functions of level k. The main 
splitting theorem is Theorem E.l below. We then show how the failure to include subtle phases 
such as the quadratic refinement Q can change the set of conformal blocks deduced from this 
splitting technique. This is exhibited explicitly in Theorem E.2. In several papers in the literature 
on M5-branes the sum over instantons is incorrectly written as the untwisted sum, rather than as 
the twisted sum. 



E.l Symplectic structure, complex structure, and metric 

Let Vk be a real vector space with symplectic form u which is Z-valued on a lattice F C Vk of 
full rank 2g. Now we choose a Lagrangian decomposition Vi © of the vector space such that 
Ti © r2 = (Vi n r) © (V2 n r) is the decomposition of the lattice T. Choose an integral basis {«/} 
{I = 1, . . . ,g) for Fi and a complementary basis for F2: 

uj{ai, aj) = = uip^, (3^) and (3^) = S/. (E.l) 

We now assume there is also a complex structure J (e.g. in the geometrical setting J = — * is 
defined by the Hodge star) which is compatible with the symplectic form cj, so we have a metric 

g{u,v) := uj{J ■ u,v). (E.2) 

Now choose the basis (j of type (1, 0). By definition is a basis of solutions of the equation 
J ■ Ci = Ki- can express the complex structure J in terms of the components of the complex 
period matrix T/j. To this end we choose a basis C,i of the form 

Ci = ai + TjjI3'. (E.3) 

From (7(0, O) = 9{Cj^ Ci) we learn that T/j is symmetric, and g is of type (1, 1). Note that 

^(C/,6) = 2ImT,j (E.4) 

which implies that Im T/j is a positive definite matrix. If we write 
structure can be written as 

(ai\ ^ f-iXY-')jJ ~{Y + XY-'X)jj 
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T = X + iY then the complex 




(E.5) 



Any element i; G Mr can be written a.s v = + v where J ■ = ±zf^ and {v~^)* = v . 
Suppose we are given v = v{ai + then 

= ^(1 - iJ)v = -vi-t)- Y-^ ■ C; (E.6a) 

V" = ^(1 + iJ)v = -^{v^ -vi-T)- ■ C (E.6b) 

This imphes 

g{v, v) = 2g{v+, v') = {v^ - ■ t) ■ Y'^ ■ {v^ - T ■ vi). (E.7) 
Let u = n^aj + then the metric ( [li].2D takes a form: 

I . (, \ ({Y + XY-KX),j -{XY-^)A(n'\ 



E.2 Theta function 



Let us define the level k/2 theta function (by convention the level can be half integral) with 
characteristics 6*/, (j)^ by the series 

0fc/2 O^) •= g*'^'^''l''^''^i~^'^'^''l'''^+*'^*'^'''^ ^ ^ ^inkpL-T-pL+2nikp]^-[a'^—T-ai-4i) (E 9) 

{p£}eZ9+7+f 

where E {0, ^^}- Here we assume that ImT/j is a positive definite matrix, and thus 

the series ( [E.9| ) converges absolutely. The characteristics 0/ and take values in M. The theta 
function with zero characteristics is denoted by 6fc/2,7(T; ai, a^). Notice that the series defining 
the theta function depends on a choice of Lagrangian decomposition Fi © More precisely, the 
sum goes over Fi + 7 + ^ where 7 G ^Fi/Fi, 9 G Vi, the second characteristic take values in V2 
and the complex period matrix depends on a choice of both Fi and F2. 
The theta function ( [E.9|) satisfies the following functional equation 



6^/2,7 ['] (T; ai + Ai, a' + A^) = no{X) e^'^^''^^^'") e,./2,7 [ ' ] (T; ai, a^) (E.IO) 

where 

no(A) := e-^'^^^^i-^'+2'^*^-(^-^'-'^-^i). (E.ll) 

This equation means that the theta function is a section of the line bundle C^'^ over the torus 
Vk/F. If ^ G |Fi and G |F2 then the line bundle C®^ is a symmetric line bundle. Note that 
different values of 7 lead to different sections of the same line bundle, but different values of 6*, 
lead to different line bundles. 
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Properties. The complex conjugate is 



[1]{T; ai, a2) = [ (-T; a,, -a'). (E.12) 

Tlie tlieta function with the shifted characteristics is related to the original theta function by 

e,/2,,r^^'^](T;ai,a2) = e^-'=('"-"+'"-^-"-<^)e,/2,, [ J] (T; ai, a^). (E.13) 

Modular transformations. The change of symplectic basis {a/,/?^} and Lagrangian decom- 
position is described by the group Sp{2g, Z). It consists of the matrices of the form 

g= ^'"^ ~ " ^ ^ ^^'^^^ 

The generators can be chosen to be 

'a 

A 

integral basis in Lagrangian subspaces Vi and V2 



1. I ^ ^_^^],Ae GL(g,7j) i.e. det A = ±1. This transformation describes change of 



1„ B\ 

2. I ^ j where B is symmetric g x g matrix. This transformation describes a change of 
Lagrangian subspace Vi. Vi © V2 ^ V( © V2. 

-1. 



3. S* = „^ r This transformation exchanges the Lagrangian subspaces: Vi © V2 

V2 © Vi. 



1, 



These generators act as follows on the theta function ([E.9|) : 

1. A-transform: 

efc/2,^[^](ATA*;ai,a2) = 8^/2,^ [/f^] (T; A*ai, A'^a^) (E.15a) 

2. Generalization of the T-transform: 

ek/2,,[l] (T + B; ai, a^) = e^f ^'^"^^ ^^nkB,ndJI-l)+2.^kY:,^J Br.nnj 



X 0fc/2,7 

3. S'-transform: 



(T;ai,a^ - 5ai). (E.15b) 



ek/2M] «i, = det(-zT)i/2 J2 e-^-'^^W.efc/^.y [ (T; a^). 

7'e(|:Z/Z)«'9 

(E.15c) 
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E.3 Splitting the twisted sum 

We want to express 

Zp,,(a) := ^P'iiR) e-^3(^-'"''^-^")+''^^"('^'^) (E.16) 
Rer 

in terms of theta functions for the complex tori Vr/F. Here a = a{ai + ajP^ . Qpq{R) take values 
in {±1} and is a quadratic refinement of (— 1)^'^'^: 

Q,g{R + R') = Qp,{R)Q,giR') e^-''*'"^^'^'). (E.17) 

The results of this subsection can be summarized follows: 

Lemma E.l. If pq = p mod 2 then the twisted sum Zp q{a) defines a section of a line bundle 
£®pq Q^Q^ finite dimensional tori Vk/F. 

Theorem E.l. If pq = p mod 2 and gcd(p, g) = 1 then the twisted sum Zp^q{a) splits 



= (det|lmT)^/2 Yl 0M/2,>+,,[^](T;O,O)e,,/2,,,_,J^](T;ai,a2) (E.18) 

7pe(iz/z)9 

where 8^^/2,7 [^j (T; ai, a^) is a theta function with characteristics defined by series ( pi]. 91 ), a = 
a{aj + a^j[3^ . 

In particular, if p = g = 1 then the twisted sum ([E.16|) factorizes as the square of a single 
theta function. 

Remark E.l. If gcd(p,q) = m 7^ 1 then the twisted sum also splits, however it splits in terms of 
level pq/rn^ theta functions on the torus V^/mV^. 

Proof of the lemma. The function ip{a) descends to a section of a line bundle C^'^ if satisfies the 
equation 

V^(a + A) = VLpq{X) e^^"?'«^('^'^V(a)- (E.19) 

It is matter of simple algebra to show that the sum (pj].16|) satisfies equation (|E.19|) \S. pq = p 
mod 2, where we use the fact that VLpq{q\) = Qpq{X). □ 

Proof of the theorem. We write R = n'aj + mjj3^ . Then we can write the quadratic refinement 
Qpq in the form 

QkiR) = e-*^^"-'"+2"'=("^-^-"<^). (E.20) 
Here 9 and (j) are half integrally quantized, so that ^k{R) £ {il}- 
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To split the sum we need to do Poisson resummation over m/. The result is: 

Zp^g{a) = (det ^ IniT)l/2g-*-fcai.T.ai+i7rfcai.a2 ^ 



^ exp inkpL - T -pL- inkpR 'Pr 

' 'l+Pr 



exp 27riA;pij ■ {a^ — T ■ ai) — 27iik qcp ■ {p 



where 



/ 1/1 
Pr = — n H — 



2 

qn^ + 2q6^ + -w^ 
P 



and A = ^n'-l 

2q ^ 



qn^ + 2q9^ + -w^ 



2 
P 



(E.21) 



(E.22) 



Prom the conditions pq = p mod 2 and gcd(p, g) = 1 it follows that for q = odd, p an arbitrary 
integer s.t. gcd(p, q) = 1, we can write g = 2r + 1 and shift ^ — prn^ — pr26^: 



p\ = —n^ + -U + 29^ + -w^ 
r>n 2 L p . 



2q 

Now introduce 



2? 



W i-^ w 

a- - i 



T T J T \ T 

n = qt + 2g7g and w = — - — pt 



prn^ — pr29 

qn^ + 2qe^ + - 
q L p 

— pt^ - pqil + ps^ + Pii- 



(E.23) 



(E.24) 



where G Z, 7,^ g {0, i, . . . , 2^} and G {0, i, . . . , Thus 

pi=t!j^+ll + li + 0' and -/+7^^-7p^ + ^^ 

One sees that ni and are independent summation variables. Thus the sum ( [E.21|) splits as i 



m 
□ 



E.4 Splitting the untwisted sum 

We want to express 

Zp,,(a) := g-lf9(R-ga,i?-9a)+*^pa;{a,iJ) ^g_25) 

in terms of theta functions for the complex tori Mr/Vz- 

Theorem E.2. If pq = p mod 2 then the untwisted sum ([E.25|) defines a section of a vector 
bundle (not a line bundle) over Vk/V^. If in addition gcd(p, g) = 1 then the untwisted sum Zp^q{a) 
splits: 

(a) if p = odd and q = odd 

= (det f ImT)V2 1 ^ ^ e,,/2,,,+,, [^] (T; 0, 0)e,,/2,,,_,, [^] (T; ai, a^) 

e,9ie{o,i}9 7pe{iz/z)9 
7,e{iz/z)9 

(E.26a) 
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(b) if p = even and q = odd 

= (det f ImT)i/2 ^ 6^5/2,^,4-7, (T; 0, 0)ep,/2,^,_^,(T; ai, a^) (E.26b) 

7pG(iZ/Z)9 
7,6(iZ/Z)9 

i/ere Opg/2,7 [ ^] (T; ai, a^) is the theta function with characteristics defined by the series ( [li).9[ ), and 
a = a{ai + a'jP^ . 

Remark E.2. If gcd{p,q) = m ^ 1 then the untwisted sum also splits, however it splits in terms 
of the level pq/m? theta functions on the torus V^/mVi- 

Proof of the theorem. Decompose a = a{ai + a\(3^ and R = n^aj + mi(3^ . To split the sum ( [li].25| ) 
we need to do Poisson resummation over mf. 

Zp,q{a) = (det^F)i/2g-mfcai.T.ai+mfcai.a2 ^ explink PL'T -pL-iTTk pR-t ■ pR+2mkpR- {f -ai-Q^) 

(E.27) 

where Y = ImT, k = qp and 

p[ = —n^ + -w^ and p^„ = —n^--w^. (E.28) 
2q p 2q p 

Now we have to consider two cases: (p = odd, q = odd) and (p = even, q = odd) separately. 



q = odd, p = odd: We split and in (1]2|) as follows 



=pt^ + p-f^p and = 2qs^ + 2g7^ + 2qe^ 
where s', t' E Z, 9' E {0, i}, 7^ g {0, i, . . . , ^} and 7,' G {0, i, . . . , 2^}. Thus we have 

pi = s^+ti+o' and p^ = /-^+^^+7^-7;. 

We certainly want to consider = s + t and ur = s — t a.s independent summation variables 
however they are not independent: n£ — Ur are even integers for all /. This difficulty can be 
overcome by inserting the following function into the sum (|E.27| ): 



J_ ^2nik,i>i{nii-nLy - J integers {ul - urY are even for all J; 

23 ^ I 0, otherwise. 



Thus for k = qp = odd and gcd(p, q) = 1 the sum ( [E.27 ) can be written in term of the level k 
theta functions with characteristics as in ([E.26a| ). 
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q = odd, p = even: Now we do the following change of variable in ( [E.28| ): = qt^ + 2g7^ and 
= {p/2)t^ + ps^ + Pli where G Z. In this case equations (|E.28| ) take the form 



Pl = t^_+jlWp + li and pjl^ = +7^ - 7^. 
The variables ul and nn are independent summation variables, and thus we obtain ( |E.26b| ). □ 
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